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Abstract. The Heston stochastic volatihty process, which is widely used as an asset price model 
in mathematical finance, is a paradigm for a degenerate diffusion process where the degeneracy 
I in the diffusion coefficient is proportional to the square root of the distance to the boundary of 

, the half-plane. The generator of this process with killing, called the elliptic Heston operator, 

is a second-order degenerate elliptic partial differential operator whose coefficients have linear 
growth in the spatial variables and where the degeneracy in the operator symbol is proportional 
to the distance to the boundary of the half-plane. With the aid of weighted Sobolev spaces, 
we prove supremum bounds, a Harnack inequality, and Holder continuity near the boundary 
(-H , for solutions to elliptic variational equations defined by the Heston partial differential operator, 

as well as Holder continuity up to the boundary for solutions to elliptic variational inequalities 
defined by the Heston operator. In mathematical finance, solutions to obstacle problems for the 
elliptic Heston operator correspond to value functions for perpetual American-style options on 
the underlying asset. 
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1. Introduction 

Suppose ^ C HI is a possibly unbounded domain in the open upper half-plane H := R"^^ x 
(0, oo) (where n > 2), Pi = dff n H is the portion of the boundary dff of which lies in 
H, and Pq is the (non-empty) interior of dM n dff, where dM = M""-*^ x {0} is the boundary 
of H := X [0,oo). We require Pq to be non-empty and consider a second-order, linear 

elliptic differential operator, A, on 0" which is degenerate along Pq. Suppose / : ^ — >• M is a 
source function. In this article, we prove local supremum bounds near the boundary portion, Pq, 
and Holder continuity up to Pq, for suitably defined weak solutions, u : ^ — )■ M, to the elliptic 
boundary value problem, 

Au = f a.e. on ^, u = on Pi, (1-1) 
together with a boundary Harnack inequality (near Pq) for non-negative, weak solutions to (jl.ip 
when / = 0. Because A is degenerate along Pq and weighted Sobolev spaces are required to 
establish existence of weak solutions to (II. ip . these results do not follow from the standard 
theory for non-degenerate elliptic differential operators [28^ I36j. 

No boundary condition is prescribed in problem (jl.ip along Pq. Indeed, we recall from [15] that 
the problem (II. ip is well-posed when we seek solutions in suitable function spaces which describe 
their qualitative behavior near the boundary portion Pq: for example, continuity of derivatives 
up to Pq via suitable weighted Holder spaces (by analogy with [16] ) or integrability of derivatives 
in a neighborhood of Pq via suitable weighted Sobolev spaces (by analogy with [35]). 

Similar results were obtained by Koch in the parabolic case [35^ Proposition 4.5.1, Theorems 
4.5.3 & 4.5.5]. While he used potential theory to obtain the Holder continuity of solutions and 
the Harnack inequality, our method of proof is based on the Moser iteration technique. This 
is not a straightforward adaptation of results [28l Theorems 8.15, 8.20, 8.22 & 8.27], due to 
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the fact that our Sobolev spaces are weighted, so the standard Sobolev inequahty, Poincare 
inequahty and the John-Nirenberg inequahty do not apply. The most difficult step in making the 
Moser iteration technique work involves a suitable application of the John-Nirenberg inequality. 
For this purpose, we use the so-called abstract John-Nirenberg inequality, due to Bombieri and 
Giusti O Theorem 4], which can be applied to any topological spaces endowed with a regular 
Borel measure satisfying some natural requirements. In order to verify the hypotheses of the 
abstract John-Nirenberg inequality, we prove a local version of the Poincare inequality, Corollary 
12.61 suitable for our weighted spaces. 

We also prove Holder continuity up to Tq for suitably defined weak solutions, n : — )• M, to 
the elliptic obstacle problem 

min{y4M — f,u — ^} = a.e on i^, u = on Fi, (1-2) 

where ^ : ffUTi — )■ R is an obstacle function which is compatible with the homogeneous Dirichlet 
boundary condition in the sense that 

V' < on Fi. (1.3) 

Like problem (jl.ip . we will see that problem (jl.2p is well-posed without a boundary condition 
along Fq when we seek solutions in suitable weighted Holder or weighted Sobolev spaces. 

In this article, we set n = 2 and choose A to be the generator of the two-dimensional Hes- 
ton stochastic volatility process with killing [29], a degenerate diffusion process well known in 
mathematical finance and a paradigm for a broad class of degenerate Markov processes, driven 
by n-dimensional Brownian motion, and corresponding generators which are degenerate elliptic 
integro-differential operators: 

Av := -| {v^^ + 2pav^y + a\yy) - {r - q - y/2)v^ - k{9 - y)vy + rv, v£ C7°°(M). (1.4) 

Throughout this article, the coefficients of the Heston operator, A, are required to obey 

Assumption 1.1 (Ellipticity condition for the coefficients of the Heston operator). The coeffi- 
cients defining A in (jl.4p are constants obeying 

cj/0,-l</9<l, (1.5) 

and K > 0, 9 > 0, r > 0, and q>0. 

For clarity of exposition in this article, we only consider the homogenous Dirichlet boundary 
condition u = on Fi in (II. ip . as the modifications of our main results to include the case of 
a inhomogeneous Dirichlet boundary condition, u = on Fi for some : ^ U Fi — t- M, are 
straightforward and similar modifications are described in [15]; in problem (II. 2p . one requires 
that ■0 : ^ U Fi — 7- M be compatible with g in the sense that tp < g on Ti. 

1.1. Summary of main results. We shall state a selection of our main results here and then 
refer the reader to our guide to this article in §1.4l for more of our results on existence, uniqueness 
and regularity of solutions to variational equations and inequalities and corresponding obstacle 
problems. This article comprises part of the Ph.D thesis of C. Pop |47j . 

1.1.1. Mathematical preliminaries. As in [151 §2], we shall assume that the spatial domain has 
the following structure throughout this article: 

Definition 1.2 (Spatial domain for the Heston partial differential equation). Let C IHI be a 
possibly unbounded domain with boundary dff, let Fi := EI n dff, let Fq denote the interior of 
{y = 0} n dff, and require that Fq is non-empty. 
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We write dG' = Fq U Fi = Fq U Fi and note that the boundary portions Fq and Fi are relatively 
open in dtff. We shall consider weak solutions to (jl.ip and (jl.2p . so we introduce our weighted 
Sobolev spaces. For 1 < q < oo, let 

{u G ^ioc(^) : \W\\L^{6\n) < oo}, (1-6) 
{u G L^{ff, ir) : (1 + y)^/^u, y'l'^\Du\ G L^{G, ro)}, (1.7) 
{u e L^{ff,to) : {1 + y)^/^u,{l + y)\Du\,y\D^u\ G L'^{ff,tt>)}, (1.8) 



where Du = {ux,Uy), D^u = iuxx,Uxy,Uyx,Uyy), all derivatives of u are defined in the sense of 
distributions, and 

MLi((?\m) '■= I M'^^dxdy, (1.9) 



l7/l|2 



/ {y\Du\'^ + {l + y)u^)todxdy, (1.10) 

/ {y^\D'^u\'^ + (1 + yf\Duf + (1 + y)u^) to dx dy, (1.11) 

with weight function tu : IH — )• (0, oo) given by 

rv{x, y) := /-le-^l^l-^^ (x, y) G H, (1.12) 



I l|2 



where 



/3 := and := — ^, (1-13) 



and < 7 < 70 (^), where 70 depends only on the constant coefficients of A in (|1.4p . We call 



a{u,v): 2 



\ / (tii^f X + pcTUyVx + pcrUxVy + a'^UyVy) y Vo cLx cLy 
^ J0 

-7; {ux + pauy) V sign{x)y xo dx dy (1-14) 

— / [aiy + bi)uxV to dx dy + / ruvtodxdy, yu,v H^{ff,to), 

the bilinear form associated with the Heston operator, A, in ()1.4p . noting that 

ai := and oi := r — q . (l-l^J 

a 2 a 

We shall also avail of the 

Assumption 1.3 (Condition on the coefficients of the Heston operator). The coefficients defining 
A in (jl.4p have the property that 61 = in (ll.lSp . 

Assumption 11.31 involves no significant loss of generality because, using a simple affine changes 
of variables on M? which maps (H, dM) onto (H, dM.) (see |15j). we can arrange that hi = 0. 
The conditions (jl.Sp ensure that y~^A is uniformly elliptic on H. Indeed, 

|(e? + 2pa66 + ^'d) > i^oy(ef + ^2), V(6,6) G (1.16) 

where 

j.o:=min{l,(l-pV}, (1-17) 

and i/Q > by Assumption ll.il 
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Given a subset T Q dff we let Hl{0' U T, w) be the closure in H^{&, tt)) of C^(^ U T). Given 
a source function / G L^(^, ro), we call a function u G //(^(^UTo, It)) a solution to the variational 
equation for the Heston operator with homogeneous Dirichlet boundary condition on Fi if 

a(n,i;) = (/,^;)i2(^», V^; G i/o'(^ U Tq, w). (1.18) 

If M G H'^{0', id), we recah from [15] that u is a solution to (|1.1|) if and only if u G i^Q(^U Tq, tt)) 
and u is a solution to (jl.lSp . 

We recall definition of the Koch metric, d, on H introduced by Koch in [351 p. 11], 

d{z,zo) := , = (x,2/),zo = (a;o,yo) G (1.19) 

where \z—zo\'^ = (x— xo)^ + (y— yo)^- The metric d is equivalent to the cycloidal metric introduced 
by Daskalopoulos and Hamilton in [161 p. 901] for the study of the porous medium equation. For 
i? > and zq G ff, we denote 

Br{zo) = {z^e: d{z, zo) < R} , (1.20) 

while 

BR{zo) = {ze^:d{z,zo)<R}, 

is the usual closure of Bii{zq) in ^. 

We say that a domain, {/ C H, obeys an exterior cone condition relative to M. at a point zq G dU 
if there exists a finite, right circular cone K = K^q C IH with vertex zq such that U n = {zq} 
(compare [281 p. 203]). A domain, U, obeys a uniform exterior cone condition relative to M on 
T C dU if U satisfies an exterior cone condition relative to EI at every point zq G T and the cones 
Kzf, are all congruent to some fixed finite cone, K (compare [28l p. 205]). Recall that Fq is the 
interior of the portion, D dM, of the boundary, dff, of the domain ^ ^ H. 

Definition 1.4 (Interior and exterior cone conditions). Let K he a finite, right circular cone. 
We say that obeys interior and exterior cone conditions at zq G Fq n Fi with cone K if the 
domains ^ and H \ ^ obey exterior cone conditions relative to HI at zq with cones congruent to 
K. We say that & obeys uniform interior and exterior cone conditions on FonFi with cone K if 
the domains and EI \ ^ obey exterior cone conditions relative to EI at each point zq £ Tq H Fi 
with cones congruent to K. 

1.1.2. Boundary local supremum bounds. In the statement of the supremum estimates, we use 
the following 

Definition 1.5 (Volume of sets). If 5" C EI is a Borel measurable subset, we let \S\13 denote the 
volume of S with respect to the measure dxdy, and \S\„ denote the volume of S with respect 
to the measure mdxdy. 

Remark 1.6. As in [161 Theorem 1. 1.1], the assumption that k > and ^ > 0, that is, that the 
coefficient of Vy in the definition (11. 4p of —A, is strictly positive is of crucial importance. We 
notice from (jl.l3p that /3 > and so, the weight tt) belongs to L^(EI). Therefore, the volume 
of balls B/j(zo) centered at points zq G Fq is finite with respect to the weights y^~^ dx dy, and 
tt) dx dy, a fact which we repeatedly use in this article. Clearly, if f3 were negative, then tt) belongs 
to Lj^cOBi), but not to ^^(EI). 

We have the following analogue of [351 Proposition 4.5.1] and [28^ Theorem 8.15]. 
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Theorem 1.7 (Supremum estimates at points in Tq). Let K be a finite, right circular cone and 
let ^ be a domain obeying the uniform interior cone condition on Tq H fi with cone K . Let 
s > n + p. Then there are positive constants C and R, depending at most on the coefficients of 
the Heston operator, A, and on K, n and s, such that for any u G //q (i^ U Fq, tt)) obeying (jl.lSp 
with source function f G L'^{B^{zo),y^~^) H L^(^, tv), the following holds: for all Zq G f q and all 
R such that < 2R < R, we have 

ess SUp|u| < C [\B2B.{zo)\~'^^^\\u\\L2(^B2R{zo),y^-^) + \\f\\L''{B2R{zo),y^-^)) ■ (1-21) 
Br{zo) 

Remark 1.8 (Use of the weight y^~^ versus tt) in Theorem II .jp . Notice that on the right-hand- 
side of estimate (|1.2ip we have \\f\\L^(^B2Rizo),yP-''-) instead of \\f\\L'{B2R{zo),\v)- This allows us 
to conclude that the constant C appearing in (ll.2ip is independent of the point zq £ Tq. By 
(I1.12p . the weight tr contains the term e"'^'^', which means that the constant C will depend on 
the x-coordinate of the point zq G fo, if we replace \\f\\L=(B2R{zo),yi^-^) l|/IU«(B2fl(^o),rc) the 
right-hand-side of ()1.2ip . 

Remark 1.9 (Hypothesis on the domain). In the statement of Theorem II .7^ instead of assuming 
that the domain ^ satisfies the uniform interior cone condition on Tq H fi (Definition ll.4p . we 
could have assumed the weaker condition (I4.ip . It is sufficient that condition (|4.ip is obeyed 
locally, that is the constants R and c may depend on zq €Tq. In this case, the constants C and 
R appearing in the statement of Theorem 11.71 will depend on zq G Tq as well. 

Remark 1.10 (Role of the Dirichlet boundary condition in Theorem ll.7p . The homogeneous 
Dirichlet boundary condition along Fi satisfied by u, that is u G Hq^^U ro,rD), does not play 
any role in establishing the supremum estimate ()1.2ip at points zq G Fq, such that B2_r(2;o) C ff. 

1.1.3. Holder continuity up to the boundary for solutions to the variational equation. For zq £ 0' 
and i? > 0, we denote 

Mij := ess sup'u(z), (1.22) 

BrXzo) 

tur := ess inf u{z), (1-23) 

Br{zq) 

and we let 

osc u := Mr — mji 

Br(zo) 

denote the oscillation of u over the ball Bii{zq). From Theorem 11.7^ we know that Mr and m/j 
are finite quantities and osc^^^^^) u is well-defined for weak solutions u as in Theorem 11.71 

Following [H §1.26], for a domain U C H, we let C{U) denote the vector space of continuous 
functions on U and let C{U) denote the Banach space of functions in C{U) which are bounded 
and uniformly continuous on U, and thus have unique bounded, continuous extensions to U, with 
norm 

ll^llcff/) ■= snp\u\. 
u 

Given a G (0, 1), we say that u G Cf{U) if u G C{IJ) and 

Il'«llc,"(c7) < oo> 

where 

ll^llcf (C7) := Hc?{U) + \\u\\c{uy (1-24) 
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and 

r 1 \u(z^ ) — U(Z2)\ 

\u]cm ■■= sup (1.25) 

Moreover, Cf{U) is a Banach space |16l §1.1] with respect to the norm (jl.24p . We say that 
u S Cf{U) if u G Cfiy) for all precompact open subsets F d [/ U Fq. 

When U may be unbounded, we let Cioc(t^) denote the linear subspace of functions u € C{U) 
such that u £ CiV) for every precompact open subset V (£ tJ; similarly, we let Cf^^^{iJ) denote 
the linear subspace of functions u G C^{U) such that u G Cg{V) for every precompact open 
subset V <^U. 

For any non-negative integer k, we let Cq{U U Fq) denote the linear subspace of functions 
u G C^{U) such that u G C^{y) for every precompact open subset 1/ d [/ U Fq and similarly 
define C^(?7UFo). 

We have the following analogue of [281 Theorem 8.27 & 8.29] and [351 Theorem 4.5.5 k. 4.5.6] 
for the boundary portion Fq. 

Theorem 1.11 (Holder continuity up to Fq for solutions to the variational equation). Let K he 

a finite, right circular cone, let & he a domain, let s > max{2n, n + f3}, and let Rq he a positive 
constant. Let f G L'^{ff,)xi) and u G iJg (i^ U Fq, tt)) ohey (jl.l8p . Suppose zq G Fq, where & oheys 
an interior and exterior cone condition with cone K at zq and a uniform exterior cone condition 
with cone K along Fi H Bj^^[zQ) ifTi H Bpi^{zQ) ^ 0, and that 

f€L^{Bii^izo),y^-'). (1.26) 

Then there are a positive constant R depending at most on Rq, n, /3 and K, and positive constants 
C,Ci depending at most on the coefficients of the Heston operator, A, together with Rq, n, s and 
K, and 

ll/llL-{B^^(zo),y''-i) hllL°°(B^p(^o))' 

and a constant ^ (0, 1), depending at most on s, n and (3, and a constant ai G (0, 1) depending 
in addition on the coefficients of the Heston operator, A, together with Rq and K, i/Fini?^g(zo) 7^ 
0, such that the following holds. For all R such that < 8R < R, we have 

osc u<CR'^°, (1.27) 

Br{zo) 

and we have u G Cf^{Bj^{zQ)) with 

\u{zi) - u{z2)\ < Cid{zi,Z2r\ Vzi,Z2 G Bf^{zQ). (1.28) 
For any 5 > 0, we let 

^5 := (M X (0,5)) . (1.29) 

We then have the 

Corollary 1.12 (Holder continuity up to Fq for solutions to the variational equation). Let K he 

a finite, right circular cone, let 0' he a domain, let s > max{2n,n + /3}, and let 6 be a positive 
constant. Assume that G obeys a uniform interior and exterior cone condition with cone K on 
Fq n Fi and a uniform exterior cone condition with cone K along Fi n di^s- Let f G L^(^, tt)) 
and u G Hq{G U Fq, tti) ohey (ll.lSp and assume that f and u obey 

sup ||/||l-(B,(^o),J/'3-1) < °° ^^'^ sup \\u\\L2{^B,(zo),yP-^) < 0°- (1-30) 
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Then there are a constant 6i, depending only on 5, and a constant ai E (0, 1), depending at most 
on the coefficients of the Heston operator, A, together with 5, n, s, and K such that 

Moreover, ) is hounded by a constant depending at most on the coefficients of the Heston 

operator. A, together with n, s, K, 6 and the supremum bounds in ()1.30p . 

The constant 5i in Corollary 11.121 depends on 6 through the geometry of the balls Bs{zo), 
zq G Tq, defined by the Koch metric, d. We choose 6i so that we can cover the strip i?Si by 
balls Bs{zo), Zq G Tq. By Lemma \2M we see that we can find a small enough constant c, say 
c = 1/4000, and a sequence of points {zglnGN C Tq, such that 

nSN n6N 

where Er{z) denotes the Euclidean ball relative to the domain 0', of radius r and with center 
z (see Definition 12. 3p . For the second inclusion above, we have used (j2.7p and the fact that we 
choose the constant c small enough, independent of 5. Therefore, the constant 6i in the statement 
of Corollarv 11.121 is chosen so that 6i < c6'^. For simplicity, we do not describe the dependency 
of 5i on d in the statement of Corollary 11.121 

Condition (jl.30p on u is satisfied when u £ ro) and the domain ^ is bounded in the x- 

direction, as we can see from the definition (jl.l2p of the weight n>. We shall assume the condition 
(jl.SOp on u to ensure that n is a bounded function on via Theorem 1 1.7[ 

Remark 1.13 (Hypothesis on the domain). To establish (I1.27P and (ll.28p . instead of assuming 
that the domain satisfies the uniform interior and exterior cone condition on Fq nfi, we could 
have assumed the weaker conditions (14. ip . at points zq £ Tq, and ()5.60p . at points zq £ Tq CiTi. 

Remark 1.14 (Comparison with the case of a portion of the boundary where the operator 
is non-degenerate). The term a{y/RRo), where cr{R) := oscg^pi^^^^jj^u, which appears in [28| 
Equation (8.72)] in the statement of \28\ Theorem 8.27] does not appear in the statement of our 
Theorem 11.111 The reason is that unlike in \28\ Equation (8.71)], the test functions defined in 
the proof of Theorem 11.111 do not need to involve ess supg^|-|5^(2o) ^ ™fa^n5fl(2o) ^ since 

no boundary condition is imposed on v along Fq, in contrast to the Dirichlet boundary condition 
assumed for v in the proofs of |28l Theorem 8.18 &: 8.26]. 

1.1.4. Holder continuity up to the boundary for solutions to the variational inequality. Given a 
source function / £ L^((^, ro) and an obstacle function ip £ H^{i^,to) obeying (11. 3p in the sense 
that 

iP+ £H^{ffUTQ,rv), (1.31) 

we call u £ Hq^^^U Fo,IT)) a solution to the variational inequality for the Heston operator with 
homogeneous Dirichlet boundary condition along Fi if 

a(u, V — u) > if ,v — u)]^2(ff and u> ip a.e. on ff, 

(1 32) 

£ H^i^U Tq, m) with v>7p a.e. on ff. 

Given additional mild conditions on / and ip, we prove in [T5| that there is a unique solution, 
H^{ffUTo,m), to (fL32D . For TheoremlHSl we require 
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Hypothesis 1.15 (Conditions on the source and obstacle functions). For some 6 > 0, 

/ G L2(^,tt))nL°°(^5), (1.33) 

V^Gi/2(^5,n3)nL°°(^5), (1.34) 

where is defined in (jl.29p . 
We then have 

Theorem 1.16 (Holder continuity up to Tq for solutions to the variational inequality). Require 
that G obeys a uniform interior and exterior cone condition on fonri with cone K and a uniform 
exterior cone condition with cone K along Vi H 5^5. Assume that f obeys (jl.33p . that ip obeys 
(fOT]) and (fOij) . and that 

ess svly>{AiIj — f)~^ < oo. (1.35) 

Let u G Hq{^ U To, tr) be a solution to (|1.32p such that at least one of the following conditions 
holds, 

height(^) < oo or n G W^'°^{^s \ ^5/2), (1.36) 
where 5 is as in Hypothesis \1.15[ Then 

where ai G (0, 1) and 61 are as in Corollary {Lj^ 

Remark 1.17 (Hypotheses on the solution to the variational inequality). The second condition 
in (|1.36p in Theorem 11.161 is implied by the regularity result |15|. Theorem 6.18] for 

p > 2 and corresponding W'^''^{U) a priori estimates using the conditions (I1.33P and ()1.34p . and 
the Sobolev embedding W'^''^{U) C^{U) for domains U (s M. with the interior cone property 
[H Theorem 5.4 (C)]. 

1.1.5. Harnack inequality for non-negative solutions to the variational equation. We also have the 
following analogue of [28^ Theorem 8.20] and [35^ Theorem 4.5.3]. 

Theorem 1.18 (Harnack inequality near Tq). Let R be a positive constant. Then there is a 
positive constant C , depending at most on the coefficients of the Heston operator, A, together 
with n and R, such that for any non-negative u G H^{0', tt)) obeying (jl.lSp with f = on Bj^[zq), 
we have 

sup u <C inf n, (1-37) 

Br{zo) -Bh(^o) 

for all zq G Fq and < 4i? < min dist(zo) Ti)} . 

1.2. Survey of previous research. We provide a brief survey of some work by other authors on 
supremum bounds, Harnack inequalities, and Holder continuity of weak solutions to degenerate 
elliptic partial differential equations most closely related to the results described in our article. We 
cannot appeal directly to results described in the cited references in order to derive supremum 
bounds, a Harnack inequality, and Holder continuity near the boundary for weak solutions to 
the Heston equation because of differences between the following principal features in the cited 
references and those in our article: 

(1) Structure of the differential operators, including the nature of the degeneracy and presence 
of lower-order terms; 
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(2) Boundary conditions, where in our article no boundary condition is specified on Tq (the 
"degenerate" portion of the boundary 9^) and a Dirichlet condition is prescribed along 
Ti (the "non-degenerate" portion of the boundary dff); 

(3) Weights used to define weighted Sobolev spaces and weak solutions; 

(4) Dependency of the constants in estimates, with those appearing in our estimates depend- 
ing at most on the L'^{B H norm (q > 2) of / on neighborhoods B of boundary 
points, the L'^{ff,Xv) norm of u, the geometry of Fi, and the constant coefficients of the 
Heston operator, A. 

Furthermore, near Fq, the weights ym and (1 -|- y)tt) used in our definition of H^{i^,tt)) are 
y0Q-'y\x\-iJ-y and yl^~^e~"'^^^~^y , respectively, with constants < /3,// < oo depending on the 
coefficients of Uyy and Uy when our differential operator A is expressed in standard divergence 
form and so the weight W depends on both the second and first-order parts of A and not just on 
the second-order part of the differential operator, unlike in the cited references. Note also that 
tt) is zero along Fq, where A is degenerate, but positive along Fi, where A is non-degenerate. 

Koch [35] considers certain linear elliptic and parabolic degenerate model partial differential 
equations in divergence form, with a degeneracy similar to ours, and which arise as linearizations of 
the porous medium equation. However, while Koch uses Sobolev weights which are comparable to 
ours, his methods (which use pointwise estimates for fundamental solutions and Moser iteration) 
are different to ours (which use Moser iteration and the abstract John-Nirenberg inequality). 
Moreover, he does not consider the case where 5^ = Fq U Fi, where A is degenerate along Fq 
but non-degenerate along Fi. Finally, Koch does not consider applications to Holder regularity 
of solutions to variational inequalities as we do in our article. 

1.2.1. Supremum hounds for weak solutions to degenerate partial differential equations. One of 
the earliest and best known articles on supremum bounds near the domain boundary for weak 
solutions to certain linear degenerate elliptic partial differential equations is due to Murthy and 
Stampacchia [441 145] : more recently, supremum bounds for weak solutions to certain quasi-linear 
degenerate elliptic and parabolic partial differential equations have been established by Amanov 
and Mamedov [2], Bonafede and Nicolosi [6l[7], Borsuk [8], and Cianci [121 [13]. Koch [35] obtained 
supremum bounds for his linear degenerate parabolic model partial differential equation in [351 
Proposition 4.5.1]. 

1.2.2. Harnack inequality for weak solutions to degenerate partial differential equations. Well- 
known early results on the Harnack inequality near the domain boundary for weak solutions to 
certain linear degenerate elliptic partial differential equations are due to Chanillo and Whee- 
den [To], Fabes, Kenig, and Serapioni \20\ 121] . Franchi and Serapioni [27], and, more recently, 
Cruz-Uribe, Di Gironimo, and Sbordone [14] . Koch obtains a Harnack inequality for his linear 
degenerate parabolic model partial differential equation in [35] Theorem 4.5.3]. Harnack inequal- 
ities for weak solutions to certain quasi-linear degenerate elliptic partial differential equations 
have been obtained by Amanov and Mamedov [39], Di Fazio, Fanciullo, and Zamboni [23 ] 122 ] [55]. 
Mohammed [43] . Pingen [46] . Sawyer and Wheeden [48] . Stredulinsky [39], and Wang, Wang, Yin, 
and Zhou [54] . We note that Kinnunen and Kuusi also appealed to the abstract John-Nirenberg 
inequality and a weighted Poincare inequality to prove a Harnack inequality for solutions to 
non-linear, second-order parabolic equations [34] . 

1.2.3. Holder continuity for weak solutions to degenerate partial differential equations. Early re- 
sults on Holder continuity up to the boundary for weak solutions to certain linear degenerate 
elliptic partial differential equations are due to Fabes, Kenig, and Serapioni [20l[2l], Franchi and 
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Serapioni |27j . Murthy and Stampacchia [441 145| . and more recently, Cruz-Uribe, Di Gironimo, 
and Sbordone [l^, Due, Phuc, and Nguyen [18]. Results on Holder continuity up to the bound- 
ary for weak solutions to certain quasi-linear degenerate elliptic partial differential equations are 
due to Amanov and Mamedov [39], Di Fazio, Fanciullo, and Zamboni [23l [221 [55] , Pingen [46j . 
Stredulinsky and Wang, Wang, Yin, and Zhou [51]. Koch proves Holder continuity for weak 
solutions for his linear degenerate parabolic model partial differential equation in [35\ Theorem 
4.5.5]. 

1.2.4. Holder continuity for weak solutions to degenerate obstacle problems. For variational in- 
equalities defined by degenerate elliptic or parabolic operators, there has been little previous 
research that we are aware of which concerns boundary regularity of solutions, though Mastroeni 
and Matzeu |4H H2] and, more recently, Vitanza and Zamboni [521 [53] describe existence and 
uniqueness results for solutions in certain weighted Sobolev spaces. 

1.3. Extensions to degenerate operators in higher dimensions. The Heston stochastic 
volatility process and its associated generator serve as paradigms for degenerate Markov processes 
and their degenerate elliptic generators which appear widely in mathematical finance. 

1.3.1. Degenerate diffusion processes and partial differential operators. Generalizations of the 
Heston process to higher-dimensional, degenerate diffusion processes may be accommodated by 
extending the framework developed in this article and we shall describe extensions in a sequel. 
First, the two-dimensional Heston process has natural d-dimensional analogues [26] defined, for 
example, by coupling non-degenerate (d— l)-diffusion processes with degenerate one-dimensional 
processes jl H 140 1 156]. Elliptic differential operators arising in this way have time-independent, 
affine coefficients but, as one can see from standard theory [281 ESI EZl [38] and previous work of 
Daskalopoulos and her collaborators [16l[l7] on the porous medium equation, we would not expect 
significant new difficulties to arise when extending the methods and results of this article to the 
case of elliptic and parabolic operators in higher dimensions and variable coefficients, depending 
on both spatial variables or time and possessing suitable regularity and growth properties. 

Specifically, we expect that all of the main results of this article should extend to the case of 
a degenerate elliptic operator on a subdomain ^ of a half-space HI := M""^ x (0,oo), 

Av := -XnaijVx^xj - hv^^ + cv, v £ C°°{ff), 

under the assumptions that the matrix (fflij) is strictly elliptic, bn > ^ > for some constant 
V > and c > and the coefficients have suitable growth and regularity properties. See [25] 
for an analysis with applications to probability theory based on a parabolic version of this type 
of elliptic operator as well as [24] for weak maximum principles for a general class of degenerate 
elliptic operators. 

1.3.2. Degenerate Markov processes and partial-integro differential operators. The Heston pro- 
cess also has natural extensions to d-dimensional degenerate affine jump-diffusion processes with 
Markov generators which are degenerate elliptic partial-integro differential operators. A well- 
known example of such a two-dimensional process is due to Bates [3] and the definition of this 
process has been extended to higher dimensions by Duffie, Pan, and Singleton [19]. Stationary 
jump diffusion processes of this kind and their partial-integro differential operator generators 
naturally lie within the framework of Feller processes and Feller generators [301 \3T\ [32] , where the 
non-local nature of the partial-integro differential operators provides new challenges when con- 
sidering obstacle problems; see [9] for recent research by Caffarelli and Figalli in this direction, 
as well as that of Bayraktar and Xing [4]. 
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1.4. Mathematical highlights and guide to the article. For the convenience of the reader, 
we provide a brief outline of the article. We begin in ^by describing a Sobolev inequality due to 
H. Koch |35j and prove a Poincare inequality for our weighted Sobolev spaces. In ^ we recall the 
abstract John-Nirenberg inequality (Theorem 13. ip due to E. Bombieri and E. Giusti [5] and justify 
its application (via Proposition [321) ™ setting of our weighted Sobolev spaces. The supremum 
estimate near Tq for solutions to the variational equation (ll.lSj) (Theorem 1 1.7p is proved in ^by 
adapting the Moser iteration technique employed in the proof of |28j Theorem 8.15] to the setting 
of our degenerate elliptic operators and weighted Sobolev spaces. Section [5] contains our proof of 
local Holder continuity along Tq of solutions to the variational equation (jl.lSp (Theorem II. lip . 
The essential difference between the proof of Theorem 11.111 and the proof of its classical analogue 
for weak solutions to non-degenerate elliptic equations [281 Theorems 8.27 &: 8.29] consists in a 
modification of the methods of [281 §8.6, §8.9, & §8.10] when deriving our energy estimates ()5.12p . 
where we adapt the application of the John-Nirenberg inequality and Poincare inequality to our 
framework of weighted Sobolev spaces. In ^El we apply the penalization method and techniques 
of |15j . together with Theorem 1 1.11} to prove local Holder continuity along Tq of solutions to 
the variational inequality (|1.2p (Theorem I1.16P . Finally, in ^ we prove the Harnack inequality 
(Theorem 1 1.18P for solutions to the variational equation (I1.18p . Appendix |A] contains the proofs 
of auxiliary results employed throughout the article whose proofs are sufficiently technical that 
they would have otherwise interrupted the logical flow of our article. 

1.5. Notation and conventions. In the definition and naming of function spaces, including 
spaces of continuous functions. Holder spaces, or Sobolev spaces, we follow Adams [1] and alert the 
reader to occasional differences in definitions between [1] and standard references such as Gilbarg 
and Trudinger_[2g or Krylov [MIET]. We denote M+ := (0,oo), M+ := [0,oo), M := M x M+, 
and EI := M X M_|_. We let N := {1, 2, 3, . . .} denote the set of positive integers. For x,y €M, we 
denote x Ay := min{x,y}, x \/ y := max{x,y}. Moreover, x~^ := x V and x~ := —{x A 0), so 
X = x^ — x~ and = x^ + x^ , a convention which differs from that of \28\ §7.4]. 

Throughout our article, we fix n = 2. We keep track of the dependency of many of our estimates 
on the dimension, n, of H = M"~^ x (0, oo) in our analysis, even though n = 2 in this article, 
as this will make it easier to extend our results to partial differential equations on domains in H 
which preserve the key features of (|l.ip . 

When we label a condition an Assumption, then it is considered to be universal and in effect 
throughout this article and so not referenced explicitly in theorem and similar statements; when 
we label a condition a Hypothesis, then it is only considered to be in effect when explicitly 
referenced. 



2. Sobolev and Poincare inequalities for weighted Sobolev spaces 

We review a Sobolev inequality (Lemma 12. 2 p due to H. Koch [35] and prove a Poincare inequal- 
ity (Lemma 12. 5p for weighted Sobolev spaces. Recall from |35[ Corollary 4.3.4] that the weight 
y^~^ defines a doubling measure, y^~^ dx dy on IHI for any /3 > (see, for example, [511 Definition 
1.2.6]), where dxdy is Lebesgue measure on H. In the following Lemma 12.21 and the sequel, we 
will need the following 

Definition 2.1. Throughout our article, we fix 
for any /3 > 0. 
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Lemma 2.2 (Weighted Sobolev inequality). \35\ Lemma 4.2.4] Let p be as in (j2.ip . Then there 
is a positive constant C = C{n,p) such that 

p-2 

/ \u\Py^-Ux dy < c ( [ \u\'^y^-Ux dy] ' / \Vu\'^y^ dx dy, (2-2) 

for any u e L"^ (H, y^^^) such that Vn G (M, y^) . 
For R > and zq £ M, we denote 

MR{zo) = {zeM:d{z,zo) <R}, (2.3) 

while 

{zo) = {zGm:diz,zo)<R}, 



is the usual closure of Mfi{zQ) in H. Notice that in definition (jl.20p . Bji{zq) denotes the ball 
relative to the domain while B/j(zo) denotes the ball relative to the half-space, H. 

Definition 2.3 (Balls with respect to the Euclidean metric). Given zq £M and R > 0, let 

ER{zo):={zeM:\z-zo\<R}, (2.4) 
Eii{zo):={ze^:\z-zo\<R}. (2.5) 

Lemma 2.4. \35\ Lemma 4.3.3] There is a positive constant c, depending only on n and f3, such 
that, for any R > and zq G H, 

c-'R^{R + ^r+^^ < \Mr{zo)\^ < cR^{R + ^r+^^. (2.6) 

Moreover, the following inclusions hold, 

Endzo)^^Rizo)^^R,{zo), (2.7) 

where Ri = R{R + ^) /2000 and R2 = R{R + 2^) . 

Lemma 2.5 (Poincare inequality). Let zq G dM. and R > 0. Then there is a positive constant C , 
depending on /?, n and R, such that for any u G H^(^r{zq), to), we have 

I X 1/2 / X 1/2 

inf I / \u{z)-c'^yf^-^dxdy\ <cl[ \Vuiz)\'^y^ dx dy] . (2.8) 

•^eR \Jbr(zo) J \Jbr(zo) J 

Corollary 2.6 (Poincare inequality with scaling). There is a positive constant C , depending only 
on (3 and n, such that for any zq G dM., R > and u G H^{Mr{zq), Id) we have 

( 1 f 

inf t;;;^ — -, — ri / \u{z) — c^^y^ ^ dx dv \ 

CGR I |Br(zo)|^_1 L ' ' ' ^ 



< CR' I ] [ \Vu{z)Wdxdy 



1/2 (2.9) 



To prove Lemma 12.51 and Corollary 12.61 we make use of the following extension property 

Lemma 2.7 (Extension operator). Let zq G dM and R > 0. Let D = (a, b) x (0, c) be a rectangle 
such that Mr{zo) C D. Then, there exists a continuous extension 

E : H\MR{zo),ro) ^ H\D,n), 
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and there exists a positive constant C, depending on D, R, n and (3, such that for any u S 
H^{Mr{zq),V3) we have 

I|V^^IIl2(D,S//3) < C'I|V'"IIl2(Bh(2o),!/'')- 

Remark 2.8. Without loss of generality, in the proofs of Lemmas 12.51 &: [2771 and Corollary 12.61 
we may assume zq = (0,0). 

Proof of Lemma \2.5[ Let u G {{^{Mj^lzo),^)) and choose a, 6 G M and 5 > 0, depending only on 
R, such that ]B/j(zo) ^ (a, &) x (0, (5). Let A; > 1 be such that 

2k-^ = \, (2.11) 

and denote by D = (o, 6) x (0, k5). Let u = Eu be the extension of u to D given by Lemma [27 
Assuming that (j2.8p holds for u, we obtain that it holds for u also in the following way, 

\ 1/2 



inf 



\u{z) — c\^y^ ^dxdy 



< inf ( / \u{z) — c\^y^ ^dxdy 



1/2 



< C 



< c 



\Vu{z)\'^y^ dx dy 



D 



1/2 



1/2 



\Vu{z)\'^y^ dxdy 



In the first and last inequalities above, we made use of (|2.10p . 

Therefore, we may assume u G H^[D, to). Our goal is to prove that (12. 8p holds for u £ 
H^{D,tX)). By Corollary A. 14], we may assume without loss of generality that u £ C^{D). 
Let c G M and let v = u — c. Then, by the mean value theorem, we have for any y G (0, S) and 

x G (a, b) 



ry 

v{x,y) = v{x,ky) + / Vy{x,t)dt. 

J kv 



ky 

Squaring both sides of the preceding equation and integrating in y with respect to y^~^ dy, we 
obtain 



v{x,y)\^yP-Uy<2 / \v{x,ky)\''y^~Uy + 2 



Vy{x, t)dt 



ky 



dy. 



By applying the change of variable y' = ky, we see that 



\v{x,ky)\^y^"Uy = k-'' / \v{x,y')\y-Uy' 



kS 



(2.12) 



(2.13) 



Also, we have for /3 7^ 1, 





ry 


2 1-5 




2 


f 


/ Vy{x,t)dt 


y'^'dy= / 


r Vy{x,t)t''/H-^/^dt 


dy 


Jo 


J ky 


Jo 


J ky 





< 



5 j-ky 



Jy 



\vy{x,t)\^t^dt 



-/3+1 



{ky)-P+^ yP-Uy (2.14) 



< 6 



1+^1 f^^ 



\vy{x,y)\'^y'^ dy. 
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For /3 = 1, we have 





j-y 


2 


f 


1 Vy{x,t)dt 


dy= / 


Jo 


Jky 


Jo 



y 



< 



ky 
5 rky 



dy 



Jy 



ky 



\vy{x,t)\ tdtlog — dy 



(2.15) 



kS 



< dlogk / \vy{x,y)\'^ydy. 
Jo 

Define a positive constant Co = Co{f3, 6) by Cq = 26^-^^yz^[~ when /? 7^ 1, and Cq = 26 log k when 
/3 = 1. By combining equations (j2J2|) . (j2J3|) . (j2H|) and (fZT5|) . we obtain 



kS 



v{x,y)\^y^-Uy<2k~n \v{x,y)\Y-^ dy + Co \vy{x,y)\^y>' dy 



k5 



<2k^^ / \v{x,y)\'^y^^^ dy + 2k^l^ / \v{x,y)\^y^-^ dy 



kS 



kS 



+ Co / \vy{x,y)\^y^ dy. 



Recall that k > 1 was chosen such that (|2.11|) is satisfied. Therefore, by integrating also in x, 
there exists C = C{I3, 5) such that 



b j-kS 

I \v{x,y)\^y^^^dydx<C 

la Jo 

Since v = u — c, we have 



b rkS 



a J 5 



b rkS 



v{x,y)\'^y^ ^dydx + C / \vy{x,y)\'^y^ dy dx 



a JO 



inf / \u{x,y) — c\'^y^ ^dydx 
cmJD 

rb rkS 



< C inf 



\u{x,y) — c\'^y^ ^dydx + C / \uy{x,y)\^y^ dy dx 



D 



The rectangle D' := [a, 6] x [5, kS\ is contained in {y > 0}, so the weighted measure y^~^ dy dx is 
equivalent to the Lebesgue measure dy dx. The rectangle D' is a convex domain and so we may 
apply the classical Poincare inequality [28l Equation (7.45)] to give 



inf 



b rkS 



\u{x,y) — c\'^y^ ^dydx<C 



b rkS 



I Vn(x, y)\'^y^ dy dx. 



Combining the last two inequalities yields (|2.8p . 



□ 



Remark 2.9. Koch states a weighted Poincare inequality on the half-space [35\ Lemma 4.4.4], 
with weight yP-'^e~'^P^^'^'^\ where k is a positive constant, zq is a fixed point in H, and p{z, zq) is 
equivalent to d^(z, 2^0)5 in the sense that there exists a constant c > such that 

cd^iz, zq) < p(z, zq) < -d'^{z, zo),yz G H. 

c 

The proof of this result is long and technical. So, rather than use this result to prove a weighted 
Poincare inequality on a ball using an extension principle, we give a much simpler proof for balls 
and weights y^~^ and y^ . 
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Remark 2.10. When /3 > 1, from [ig Lemma A.l & A.4] we have that Hl{&,^) = Hl{(ff VJ 
Fq, tt)). Then, as in the case of the Poincare inequahty for finite-width domains [ll §6.26], it might 
be true that the stronger version of (j2.8p holds 

<cil \Vu{z)\'^y^ dxd^ . (2.16) 
Remark 2.11 (ScaUng under Koch metric). We have the following scaling property 

^rA^o) = (1^) Bfi.(^o), yRi,R2 > 0. (2.17) 



This property follows from the observation that, for any z £ M, using the fact that zq = (0,0), 
we have 

d{z,zo) 



Therefore, for any z £M, 



and so, d{z, zq) < R2 if and only if d ^(i?i/i?2)^ z, zqJ < Ri, from which (j2.17p follows. 
Notice that (j2.17p does not hold if zq = {vo-, zq) with yo > 0. 

Proof of Corollary \2.9l Let R > and ^ > and define v by rescaling 

""^^^ ((I) ^) ' ^^^®«(^o). 

The rescaling map defined by 

maps Mji(zo) into Mj^{zQ) by Remark 12.111 By applying Lemma 12.51 to v on ]B^(zo), there is a 
positive constant C, depending only on R, n and P, such that (j2.8p holds. By changing variables, 
we obtain 



ini(-X''^'^[ \u-c\y-^dxdy<(^\ (-\^ f \Vu\''y^dxdy. (2.18) 



\u - c\^yP^^dxdy < 3 — 
Jfl(^o) V-R/ \RJ JMnizo) 

Using Lemma 12.41 we rewrite (j2.18p in the following form 

cm |Br(zo)|/3-1 yB«(.o) \RJ |Br(zo)|/3 Kizo) 

from which (j2.9p follows immediately. □ 
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3. JOHN-NlRENBERG INEQUALITY 

In this section we recall the abstract John-Nirenberg inequality (Theorem I3.ip due to E. 
Bombieri and E. Giusti [5] and, in particular, provide a justification — via Proposition 13.21 — 
that its hypotheses hold in the setting of the problems described in 311 

We restrict the statement of [SJ Theorem 4] to the framework of our problems, so in O Theorem 
4] we choose EI to be the topological space and dfj, = y^~^ dx dy to be the regular positive Borel 
measure on H. Let 5^, < r < 1 be a family of non-empty open sets in H such that 

Ss<^Sr, VO < s < r < 1, 

< IS*,-!/?-! < oo, VO<r<l. 

Let w he a measurable positive function on Si. For t ^ and < r < 1, we denote by 

i/t 



\w\t,r = (tttt / IM'^y'^ ^dxdy] 

VPr|/3-l JSr / 



|u^|oo,r = ess sup w, 
|w^|-oo,r = es^infif. 

We now recall the 

Theorem 3.1 (Abstract John-Nirenberg Inequality). [5l Theorem 4] Let < 9q,9i < oo and w 
be a measurable positive function on Si such that 

\w\gg^i < OO and |w|6)i,i > 0. 

Suppose there exist constants 7 > 0, < < ^ min{^0) ^1} Q > such that for all < s < 
r < 1 andO <t<t*, 

\w\g,,,<[Q{r-sy]'/'^^~'/'\w\t,r, 

\w\_e,,s>[Q{r-syY/'-'/'^ \wUr. 

Assume further that 



(3.2) 



A := sup inf — — / | log w — c\y^ ^ dxdy < 00. 

0<r<l c6R Pr|^-1 J Sr 



(3.3) 



Then, we have 



01 \ l/Co+l/fi 



k|eo,o < exp {c2Q'^ {A + 1/t*)} \w\_e,,i, (3.4) 

where C2 is a constant depending only on 7, but not on Q,6Q,6i,t* , A and (3. 

In many of our proofs, we will make use of a sequence of cutoff functions, {?7Ar}7V6N- Let 
99 : M — ^ [0, 1] be a smooth function such that (p{x) = 1 for x < 0, and ip = for x > 1. Let 
zq G U and let {Rn}n>o be an non-increasing sequence of positive numbers. We define 

VN{z):=v{-^-^-—^{d^{zo,z)-R%)], VzGM, ViV G N. (3.5) 
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Then, the sequence {r]]\f}iy>i has the following properties, 

\^Vn\ < ^2 ^_ff2 > (3-7) 

where B'^^__^{zo) := H \ Bii^_^{zq) and C is a positive constant independent of N and the 
sequence {Rn}n>q- The bound in (|3.7p can be deduced from the calculation, 

Vt77v = ^' \ ^2 — „2 (^^(^0, z) - R%) ) -2 — 3-— 2-Vd2(zo, z). 

Also, we have that \Vd?{zo, z)\ < 5, for all zo,z G H. Since (/p' is also uniformly bounded on M, 
we obtain (|3.10p . 

Similarly, we can construct a sequence of cutoff functions, {?7Ar}AreN, when {Rn}n>o is a 
non-decreasing sequence of positive numbers. 

We now provide a justification that the hypotheses of Theorem 13.11 hold in the setting of the 
problems discussed in this article. 

Proposition 3.2 (Application of Theorem 13. ip . Let zq G dM and < AR < 1. Let Sr = 

^{2+r)R{zo) ; for fl// < r < 1. Let 9q,6i he as in Theorem \3. 1\ and set t* = ^minj^Oi^i}- Then, 
there exist positive constants Q and 7, independent of R and Zq, such that ()3.4p holds for any 
bounded positive function w on Si which satisfies the energy estimate (I5.12P or (17. 3p . 

Proof. We begin by proving the first inequality in ()3.2p by applying Moser iteration finitely many 
times. The second inequality in ()3.2p can be proved by a similar technique. We outline the proof 
when w satisfies the energy estimate ()5.12p . but the proof applies as well to positive bounded 
functions w satisfying the energy estimate ()7.3p . 

First, we consider the special case when ^0 and t satisfy the requirement: There exists an 
integer A^* > 1 such that can be written as 

(^o = t{^Y\ (3.8) 
Let < s < r < 1 and set Rq = {2 + r)R. We denote 



1 

''■"^ A? 

k=l 

and we let 

Rl:={^2 + rf-{r-sfY.j^^^^ VA = 1,...,A*. (3.9) 

We observe that {2 + s)R < Rj\i < Rn^i < {2 + r)R. Let {?7Ar}ArgN be a sequence of non-negative, 
smooth cutoff functions as constructed in (j3.5p . by choosing Rn as in (j3.9p . Then, (j3.7p becomes 

Let Pn := t (p/2)^, for A^ = 1, . . . , A*, and = Pn - 1, for all A = 0, . . . , A* - 1. We set 

I^N):=([ IwlP^yf^-Uxdy^ , (3.11) 
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From our hypothesis, w satisfies (|5.12p . that is, 

llW"+^)/'llL.(e,,.-i) < ^^o(i2,a)||u;("+^)/^|lz.2(3.pp,,,.-i), (3.12) 

where 

Co{R,a) := + (i + ||^vr/||i^(jj))'^', (3.13) 

and ^ and C are positive constants, independent of w, a and rj. We choose a = a^-i and r] = r]]\f 
in ()3.12p . so the definition (j3.1ip gives us, for all > 1, 

I{N) <Ci{R,r,s,N)I{N -1), (3.14) 

where 

Ci{R,r,s,N) := {C\pN^i\f^^^/P'' {i + WVv^VnI 

From Lemma 12.41 we have y < CB? on B/?^(2;o), where C is a positive constant independent of 
R and N . Using the bound (I3.10p . we obtain 



|2 

Il°°(h) 



CN 



4 \ 1/P 



R^{r - s)4 



Ci(i?,r,s,iV) := (C|p;v-i|)(«+i)/P^ 

By iterating inequality (|3.14p . we obtain 

I{N*)<C2{R,r,s)I{Q), 

where 

N* 

C2{R,r,s) := n [c//_\iV4i?-2(r-s)-4 
Af=l 

Next, we prove the 

Claim 3.3. There are positive constants Q andj, independent of N* , R,r and s, such that 

C2{R,r,s) < {Q{r - sVf/'^'~^" R^^^^"''-^"\ (3.17) 



l/PiV 



(3.15) 
(3.16) 



Proof of Claim HOI We can rewrite the expression (|3.16p for C2{R,r,s) to obtain 
C2{R,r,s)=ll [ct^^'R-Hr 



[r — sj 



N=l 



p 



< 



[ct^+'R-\r-s)-^ 



2, 



where we used in the last line that A^^ < C{p/2)^ , for some positive constant C depending only 
on p. Thus, 



C2{R,r,s) < Ct^^^R-^{r - s)' 



2. 



(3.18) 



Recall that 



N* 

E 

N=l 



=x 



1 — X 



N* 



N* 



1 — X 



and Nx 



N=l 



1 — X 
1 — X 



Hence, (13.81) leads to the identities 
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Therefore, inequality (|3.17p becomes 

C2(fi,r,s) < [i?-2(r-s)-4]^(^~i) (^c^^+ig^^^"^) , (3.19) 

which is equivalent to (I3.17P with the choice of the constants Q = and 7 = 

8/(p — 2). This completes the proof of Claim [331 □ 

Using the fact that 4/(p - 2) = 2(n + /3 - 1), Lemma [2^ yields 

|]B(2+s)J?(^o)l/-? ^ ^l/eo+l/t^4/(p-2)(l/(?o-l/t) 
|lB(2+r)fl(^o)iy_*i 

for some positive constant C < 1. Therefore, inequality (|3.19p becomes 

r, .) < C7-V^«-V* (Q(, _ ,)7)i/^o-iA (3.20) 

\^{2+r)R{zQ)\fi_l 

From our hypothesis, t < t* < 9o/2, we have 

3(1/^0 - lA) < -1/^0 - lA < 1/^0 - l/t, 
and so, for a new positive constant Q, the inequality (|3.20p leads to 

fu \ ^ irM N^Ni/eo-i/t l^{2+s)i?(^o)|/_? 
C2(i?,r,s) < (Q(r - s)^) / " ' (3.21) 

|I*(2+r)ij(^o)|/3_i 

By employing the inequalities p.2ip and ()3.15p and the definition ()3.1ip of I{N), we obtain 

i/eo 



I Imf'^yl^-^ dxdy] < I{N* 



\^(2+r)R{zo)\p_l 

l^(2+r)i?(^o)|;3_l \-'B(2+r)ii{^o) / 

from which we readily obtain the first inequality in (j3.2p . in the special case where t and satisfy 
()3.8p for some integer A^* > 1. 

Next, we show that the first inequality in ()3.2p holds for any t G (0,t*). For this purpose, we 
choose an integer N* > 1 such that 

We denote = t{p/2)^ and we apply the previous analysis to t and 0q, which now satisfy ([X 
to give 

Using Holder's inequality with p = 0q/9q > 1, we find that 

\w\eo,s < \w\e*s, 
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and so 

\w\e,,s<{Q{r-sVf/''^-^/'\w\t,r 

< {Q{r - s)7) w^(^/^"-^/*) \w\t,r- 
Notice that 261/ p < < 6^ <md {)< t < 6^/2. Then, 

^ l/ei - l/t ^ l/gp* - 1/t ^ {2/p)^' - 1 ^ 
- 1/00 - l/t - p/291 - l/t - (2/p)^*+i -I- p 





Consequently, we define Q to be Q^/^^"^) if Q < 1, and we leave Q unchanged if Q > 1 and, 
setting 7 := ^p/{p — 2), the preceding estimate for |t«|eo,s becomes 

/- ^Ni/eo-i/t 
\w\eo,s < {Q{r - syj \w\t,r, 

which is precisely the first inequality in (13. 2p . □ 

4. SUPREMUM ESTIMATES NEAR THE PORTION OF THE BOUNDARY WHERE A IS DEGENERATE 

In this section, we prove Theorem 11.71 that is, local boundedness up to Tq for solutions, n, to 
the variational equation (jl.lSp . Our choice of test functions when applying Moser iteration follows 
that employed in the proof of \28\ Theorem 8.15]. However, the choice of test functions used in 
the proof of the classical local supremum estimates |28|. Theorem 8.17] is not suitable in our case 
because the test functions in ()1.18p are not required to satisfy a homogenous Dirichlet boundary 
condition along Tq. In addition, the method of deriving the energy estimate (j4.8p is slightly 
different from |28t Theorem 8.18] because, instead of using the classical Sobolev inequalities |28t 
Theorem 7.10], we use Lemma 12.21 

We start first with the following observation 

Lemma 4.1. Let K be a finite, right circular cone and be a domain which obeys the uniform 
interior and exterior cone condition on Tq Ci Ti with cone K . Then, there are positive constants 
R and c depending on K, n and /3 such that, for all R € (0, R], we have 

c-^\^r{zq)\p^i < \Br{zq)\p_^ < c\Mr{zq)\p_i, Vzo G fo, (4.1) 

and also 

c-^\Mr{zo)\p_i < \Mnizo)\Bnizo)\0^i < c|]B^(zo)|/3-i, Vzq G f q n f i. (4.2) 
Example lA. II illustrates a domain 0' which does not satisfy condition (|4.ip . 



Proof of Lemma \4-i\ We only outline the proof of inequality (j4.ip because (|4.2p follows similarly. 
Notice that the second inequality in (j4.ip holds trivially, for any c > 1, because Br{zq) C Mr{zq), 
for ah R>^. 

Because the domain obeys the uniform interior and exterior cone condition in Definition II. 4t 
we can find positive constants R and c such that, for all zq S Tq H Fi, one of the following two 
conditions hold 

{z E E^(zo) : < y < c(x - xo)} C ^ 
and {z £ E^(zo) : < y < c(xo - x)} C M.\ff, 

or 

{z E E^(zo) : < y < c(xo -x)} C ^ 
and {z E E^(zo) : < y < c{x — xq)} C '""'^ ^ 
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We fix a point zq gTq f] Ti and, without loss of generality, we may assume that zq = (0, 0) and 
condition (j4.3p is satisfied. The second inclusion in (j2.7|) in Lemma 12.41 gives us that by setting 

^1 := V^, we have 

and so by condition (j4.3p we have 

{z G M^^{zo) :0<y<cx}<Zff. 
We fix R £ (0, ^i], and we denote for simplicity 

S ■.= {ze Mr{zo) : < 2/ < cx} . 
Then, obviously we have S C Bh^zq). As in Lemma [2^ we denote by 

Ri := i?V2000, (4.5) 

and we let 

Si := {z G Eiij(zo) : < y < cx} . 

By ([221), it follows that 

5i C 5 C Br{zo). 
By direct calculations, we obtain the following inequality for 



/3(/3 + l) (c2 + i){/5+i)/2- 

Identity (14. 5p and the preceding inequality show that we can find a large enough constant c > 1, 
depending only on /3, c and n, such that 

^-1^2(/3+l) < |^^|^_^ < \Br{zo)\p-1 < ci?2(/3+l), VO < < iii. 

Conclusion (j4.ip for points G Fq H Li now follows from the preceding inequalities and (|2.6p . 

We consider now the case of points zq &Tq. If the Euclidean distance between zq and Fq n f i 
is greater than -R/2, then E^^gl-^^o) C ^ and the second inclusion in ()2.7p shows that Br{z()) = 

Mr{zo), for aU < ii < -Ri/\/2. Thus, inequality glj follows immediately, for all < /2 < ^/\/2. 
Otherwise, we can find a point Zq = (^O)O) £ Fq n Fi, such that \zq — z'q\ < R/2. Without loss 
of generality, we may assume that the inclusion condition (|4.3p is satisfied at z'q, which gives us 
that 

Zo€{z£ E^iz'o) : < y < c(x - Xq)} C ff, 
and also, since \zo — Zq\ < R/2, 



|z G E^/2(^o) : < y < c(x - a;o)| C 



We may now apply the same argument used for points G Fq H f i to points zq G Fq satisfying 
the preceding inclusion condition, to conclude that (|4.ip holds, for all < i? < Ri\/2. 

By combining the preceding cases we find that (gT]) holds, for ah < < RiV2, so we choose 
R := R1V2. □ 

Proof of Theorem Let R be as in Lemma |4.1[ We organize the proof in several steps. 
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Step 1 (Energy estimates). Let a > 1 and let r] G Cg(EI) be a non- negative cutoff function with 
support in M2r{zq). We define 



A 



(4.6) 
(4.7) 



We will apply the following calculations in Steps [J and [2] to two choices of w, namely, 

w := + A and w := u~ + A. 
For concreteness, we will illustrate our calculations with the choice 

w = + A, 

but they apply equally well to the choice w = u~ + A. Our goal is to prove the following 

Claim 4.2 (Energy estimate). There is a positive constant C, depending only on the coefficients 
of the Heston operator (|1.4p . n, s and R, and there is a positive constant ^, depending only on 
n, /3 and s, such that 



iL 



r]w"\^y^ ^dxdy 



i/p 



< {Caf^' + NuPP^I^-T'^') i f w'-y^-Uxdy 

\Jsuppr7 



1/2 



(4.8) 



Proof of Claim 
functions Hk : ] 



We fix G N. Similarly to the proof of |28[ Theorem 8.15], we consider the 
[0,oo), 



Hkit) := <^ 



0, 



t < A, 
A<t< k. 



{4S 



and 



Then, 



ak''-^{t-k) + Hk{k), t > k. 



Gkit) = / \H',is)\^ds. 



V = Gk{w)rf 



(4.10) 



(4.11) 



is a valid test function in iJ^(^ U Tq, tr) in (|1.14p . by Lemma 1X21 Because u £ H^{0'LlTo,to) 
obeys (jl.lSp for all v G Hq{^ U ro,tt)) with support in B2r{zq), then the expression (jl.l4p for 
a{u, v) yields 

= a{u,v) - (/,w)l2(^^„,) 

= 7; I {uxVx + p(TUxVy + paUyVx + o-'^UyVy) yfo dx dy 
^ J e 

— / ( oiUa; + — (ua; + pcjiiy) sign(x) ) vytt) + / {ru — f) vW dx dy . 
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Since Vv = G'j,{w)if'Vw + 2Gk{w)rjVrj and the fact that Gk{w) = when w < A, that is, n+ = 0, 
the preceding identity becomes 



(u)^ + 2paWxWy + cr'^Wy) G'i.{w)rf'yVo dx dy 

{wxVx + pfTWxTjy + pawyi]x + cr'^Wyijy) Gk{w)riyVo dx dy 



+ 



a-iWx + ^ («^x + powy) sign(x) Gkiw)r]'^yKi dx dy 



[ru 



f) Gk{w)rf'Xodxdy. 



For convenience, we write the identity as Ii = I2 + H + li- From the uniform elhpticity (|1.16p . 
we obtain for Ii that 



ci \Vw\^r]'^G'kiw)yndxdy < h, 
J e 



where C is a positive constant depending only on the coefficients of the Heston operator. We 
notice that < Gk{w) < wG'j^{w) because G'j^{w) = \H'j^{w)\'^ is a non-decreasing function. Using 
this fact and that w > A, we obtain for the integrals I2,l3, Ii that there exists a positive constant 
C, depending only on the coefficients of the Heston operator, such that 

1^2! < \ i {\wx'n\\w'nx\ + pa\wxri\\wr]y \ + p(T\wyVi\\wrix\ + a'^\wy'q\\wr]y\) G'j^{w)yVo dx dy 

<e I \S/'w\'^7]'^G'k{w)ymdxdy + — [ \w\^\Vr]\'^G'^.{w)yni dx dy, 

l^sl <e / \S/w\'^7fG'k{w)y'mdxdy + — [ \w\'^\ri\'^G',^{w)ytv dx dy, 

I/4I < r / w'^G'k{w)7fvo dx dy + / \f\wGk{w)rf'\X) dx dy 
Jiff Jff 



<C (1 + ^) w'^G'k{w)Tfxvdxdy, 



where e > 0. Choosing e small enough, we obtain for a positive constant G, depending on the 
coefficients of the Heston operator and R, that 



/ \Vw\^rfG'f,{w)y^ dxdy <C [ rf^-^w'^G'^,{w)y^-^ dx dy 
Je VJe A 

+ I [if + y\Vv?)w'^G'k{w)y^-^ dxdy 
Je 

Holder's inequality applied to the conjugate pair gives 

[ rj^\^w^G'kiw)y''-Uxdy 
Je ^ 



(4.12) 



< 



SUpp rj 



l/s 



ri^w'^G'k{w)fyP~'dx dy 



e 



l/s* 
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{w)fy^~^dxdy 



l/s- 



(4.13) 



We need to justify first tliat tlie riglit liand side in (j4.13p is finite. First, we notice tliat the 
following identities hold 



\VHk{w)\'^ = \Vw\^\H'^^{w)\^ = \Vw\^G'f,{w) 
\wHi{w)\' = \w\^Gi(w), 



(4.14) 



Prom the hypothesis s > n + /3 in Theorem 11.71 we observe that 2 < 2s* < p, so we may apply 
the interpolation inequality \28\ Inequality (7.10)]. For any e G (0, 1), we have 



\\VwH'^{w)\\L2s*(ji^yP-l) < e\\'nwH'^^{w)\\LP(^m,yt<--^) + ^ ^\\V'wH'^{w)\\L2(^M,y^~l), 



where 



Pis* - 1) 



(4.15) 



(4.16) 



p — 2s* 

We notice that \H'i^{w)\ < ak°'~^ and 7]w S iJ^(^, tt)) has compact support in B2r{zo). Therefore, 
we may apply Lemma 12.71 to build an extension w of rjw to a rectangle D containing B2r{zq). 
Lemma 12.21 shows that w G LP{D,y^~^), which implies that 



\\VwH'^.{w)\\LP^M,yf-i) < 



oo, 



and so, the right hand side of (I4.13P is finite. 

Inequalities (|4.12p and (|4.13p . together with the identities (|4.14p yield 



rf\VHk{w)\^yl^ dxdy < G 



lis* 



+ 



\riwB'^{w)f'* y^~^ dxdy 
y + y|Vr7|2) \wH'k(w)fyf-Uxdy 



(4.17) 



From Lemma 



we obtain 



e 



rjHkiw)\Py^-Uxdy< ( / rj^\Hkiw)\^y^-' dx dy 



<2[ I r]^\Hkiw)\^y^~'dxdy 

[ |Vr/|2|iffc(u;)p/ dx dy + r]^\VHk{w)W dxdy 



(p-2)/2 



(p-2)/2 



\V{r^Hk{w))\''y^dxdy 



(4.18) 



Using Hk{w) < wH'j,{w) and inequality (|4.17p in (|4.18p . we see that 



\vHk{w)\Py^-'dxdy<G 



l + ll^/yV7?|| 



L°°(H) 



\wH'f^{w)\^y'^^^dxdy) 



\ p/2 



supp rj 



+ 



\T]wR'^{w)\^yf^~^ dx dy 



(p-2)/2 



\riwH'^^{w)\'^'*y^^^dx dy 



(4.19) 



26 P. FEEHAN AND C. POP 

where C is a positive constant depending on the coefficients of the Heston operator and R. We 
rewrite the estimate for i]wH'^[w) in (j4.15p in the form 

Applying the preceding inequality in ()4.19p . we obtain 

By recombining terms in the preceding inequality, we find that 

To estimate the last term in the preceding inequality, we apply Young's inequality with the 
conjugate pair of exponents, {p/2,p/{p — 2)), to give 



^) llz/P(H,J/''-l) IIl2(jj yl3 



Combining the previous two inequalities yields 

Employing the definition (j4.9p of Hk{w) gives < wH'j^{w) < aHk{w) + aA", and so 



(4.20) 



\riHk{w)\Py(^~Uxdy+ / \7]A''\Py^~^ dx dy 
I \iiHk{w)\Py^-^ dxdy + \ supp?7|;3-i^°^ 



\r]wH'j^{w)Y'y^^^ dxdy < |2q|p 
< |2a|P 

and thus, applying inequality (|4.20p yields 

jjr^Hu{wW~Uxdy<c{l+(e^ + e-'^<^)) (l + || VyVr?||i^(e)) lk^fcHlli2(3,pp,,,,3-.) 

+ C|2a|V (hi7fcH||^,(^e,,-i) + |supp7?|^_iA-p) . 



By choosing e = 1/ {2^ C{2a)P) and taking p-th order roots, we obtain 

i/p 

\riHk{w)\Py^-Uxdy 



<{Caf[(l + \\^Vv\\l^^^X'''(f \wH'^{w)\^y^-^dxdy\ ' + | suppr/l^i'i^- ] 
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Because the positive constants C and ^ are independent of A;, we may take limit as k goes to oo, 
in the preceding inequality, and we obtain 

i/p 

\r]{w'' - A'')\Py^-^dx dy 



< (Ca)«+^ (^(l + II VyVr/||i..(H))'^'' \w"\V-'dxdyy + | supwl'/^^A"^ , 

which yields 

QjrjwTy^-UxdyY' <iCa)^+' ({l + WVy^vWl^iM))'^'!^!^ H^-^y^-Uxdy^'^' 



+ |suppr/|y_^i^^ 



We also have 



= (- [ ^2ay/3-l 

VI suppr/|^_i 

J SUpp T] / 

< f w^"y'^-^ dx dy\ 

VI suppr/|^„i 

J supp n / 



suppr/|^„i ^ 

' supp ») 

Combining the last two inequalities gives ()4.8p . This completes the proof of Claim [321 D 

Step 2 (Moser iteration). The purpose of this step is to apply the Moser iteration technique to 
w in (j4.7p with a suitable choice of a > 1 and of a sequence of non-negative cutoff functions, 
{'nN}N>i C Co(IHI), with support in M2r{zo)- We choose {riN}Nm as in (|3.5p with Rp^ := 
R{1 + 1/{N + 1)). Then, and ([321) become 

where c is a positive constant independent of R and A^. For each > 0, we set pN '■= 2(p/2)^ 
and UN ■= . Let Ajsi := ||/||Ls(suppr;iv,3/''-i) ^'^'^ '^N '■= + An or wn '■= u~ + A]\f. Define 

I{N):=([ \wN\^''y^~^dxdy\ 

Applying the energy estimate (|4.8p with w = wjy, a = a^-i, and t] = rj^, we obtain for all 
Af > 1 that 

I{N)<Cq{R,N)I{N -I), (4.22) 

where we denote 

C,{R,N) := [C\a^.,\f^^'y^-^ {M^VNlf/Z^^^ + I supp wiy_T^/')'^'"" • (4-23) 

In the preceding equality, C is a positive constant depending only on the coefficients of the Heston 
operator and R. By applying (14. ip and (12. 6p . there is a constant c > such that 

^-i^4/(p-2) < \B2r{zo)\i3^i < cR'^^^P-^\ yo <R<R, (4.24) 

where we used the fact that 2(n + /3 — 1) = 4/{p — 2) by (j2.ip . Moreover, by Lemma 12.41 there is 
a positive constants c such that < y < cR^ on Br{zo), for all i? > 0. Consequently, we have 

|IVyVw|li''^(e) + |suppr?jv|J/_T'^' < cAf^/^i?"'/^ 
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and so, 

Co{R,N) < [C\aN-i\N^Y^^^'^^'"' R-^/P^. 

Therefore, 

N>1 N>1 

<Cii?-2E?^.ll/m=C'ii?-2/{P-2) 

< Ci|B2k(^o)|^!(', (by mM), 

where Ci is a positive constant depending only on the coefficients of the Heston operator, R and 
s. By iterating ()4.22p . we obtain 



I(+oo) </(0) n Co{R,N), 



N>1 



which gives us (see Lemma |A.6P 



ess sup If; = /(+oo) < Ci 

Br{zo) 



1/2 



\B2R{zo)\fi-l Jb2r{zo) 

Applying (j4.25p to both choices of w in (j4.7p yields 



ess sup u < Ci 

Br(zo) 



\B2R{zo)\fS^l Jb2r(zo) 



wl"^!/^ ^dxdy 



1/2 



(4.25) 



m|2/ ^dxdy\ +\\f\\L-(B2R[zQ),yP-^) 



ess supu < Ci 

Br{zq) 



1/2 



Up/ ^ dx.dy 1 + \\f\\L''(B2R{zo),yf'-^) 



|-B2ij(2o) 1/3-1 Jb2r{zo) 

Adding the two estimates gives us the supremum estimate ()1.2ip 



□ 



5. Holder continuity for solutions to the variational equation 

In this section, we prove Theorem II. IH that is, local Holder continuity on a neighborhood 
of Tq for solutions u to the variational equation (jl.lSp . We consider separately the case of the 
interior boundary points zq £ Tq and of the "corner points" zq € Fq Pi f i. (While Tq Pi f i is a 
set of geometric corner points for the domain 0', the lesson of [16] is that the solution, u, along 
Tq behaves, in many respects, just as it does in the interior of 0".) The proof of the second case, 
for corner points, is easier than the proof of the first case as it does not require an application 
of the John-Nirenberg inequality. The essential difference between the proof of Theorem 11.111 
and the proof of its classical analogue for weak solutions to non-degenerate elliptic equations 
p8l Theorems 8.27 & 8.29] consists in a modification of the methods of [Ml §8.6, §8.9, & §8.10] 
when deriving our energy estimates (15.12p . where we adapt the application of the John-Nirenberg 
inequality and Poincare inequality to our framework of weighted Sobolev spaces. Moreover, 
because the balls defined by the Koch metric, d, do not have good scaling properties unless they 
are centered at a point zq € dM (see Remark 12. lip , the Moser iteration technique applies only to 
such balls. Therefore, the estimate (I1.27P holds only for points zq € dM, and in order to obtain 
the full Holder continuity of solutions (11.28p . we need to apply a rescaling argument which is 
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outlined in the last steps of the arguments below. Therefore, boundary Holder continuity does 
not follow in the same way as in |28| . 

We now proceed to the proof of Theorem II. IH first in ^5.11 for the case of points zq S Tq and 
then in §5.21 for points zq G Fq n Fi. 

5.1. Local Holder continuity in the interior of the portion of the boundary where A 
is degenerate. We commence with the 

Proof of Theorem 1 1 . ll\ for points in Tq. Let zq G Lq and let R be small enough such that 

M^r{zo) = B^nizo), (5.1) 

that is, 4i? < min{^, dist(zo, Li)}, where dist(-,-) is the distance function on EI defined by the 
Koch metric, d, and we choose R < Ro/2 small enough so that it is less than or equal to the 
constant R appearing in Lemma l4.H and such that for all Zi = {xi,yi) G Bj^{zo), i = 1,2, we 
have 

< yi < 1, < 2/2 < 1, < l^i - < 1, and < d{zi, Z2) < I. (5.2) 

Choose 

gG(n + /3,s), (5.3) 
wG(0,2), (5.4) 

and define k{R) > by 

k = k{R) := \\f\\mB,nizo),y^-^) + H^rI + \Mr\) ■ (5.5) 

The remaining steps in the proof will apply to either of the following choices of functions w 
defined on .64^(2:0)) 

w = u — m^fi + k{R) or w = M411 — u + k{R), (5.6) 
but, for concreteness, we choose 

w = u - m4ji + k{R). (5.7) 

If = = or ruiji = M^ar = 0, then automatically u = on i?4_R(zo) and (11.270 and ()1.28p 
hold on Bi[i{zQ). Therefore, without loss of generality, we may assume 

m4ij/0 or M4ij/0, (5.8) 

and / or / 0. The last assumption implies that 

k{R) / 0, (5.9) 

by ()5.5p . Therefore, we notice that both choices of w in (j5.7p are bounded, positive functions. 

Step 1 (Energy estimate for w). Let G Cg(EI) be a non- negative cutoff function with suppr/ C 
Bar{zo). For any a G M, a / —1, let 

V ■= rj^w"^. (5.10) 
Then, is a valid test function in -ffd(^ U Fq, Id) by Lemma lA.31 Let 

H{w):=w^'^+^'^l'^, (5.11) 

and notice that Theorem 11.71 implies that H{w) is a positive, bounded function, so the following 
operations are justified. The goal in this step is to prove 
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Claim 5.1 (Energy estimate). There exists a positive constant C depending only on the coeffi- 
cients of the Heston operator, n and R, and there is a positive constant ^ depending only on n, 
(3 and q, such that 

II^^HIIlp(H,?;/3-i) ^ '^0(^,a)||^fHlli2(3upp^,y,3-i), (5.12) 

where the constant Co{R,a) is defined by 

'\ (5.13) 
(5.14) 



Co(i?,a) := [C|l + a|](«+i)/^ (l + II^Vr?||i^(jj) 
and the constant ^ is given by 



p{q* - 1) 



p — 2q* ' 

where q* is the conjugate exponent for q in (|5.3p , that is, 1/q + 1/q* = 1. 
The estimate ()5.12p will be used in Moser iteration. 

Substituting the choice ()5.10p of v in ()1.14p and using Vv = arf'w°'~^\Iw + 2r]\7r]w°' gives 
= a{u,v) - {f,v)L^ff,m) 



+ 2paWxWy + cr'^Wy) yW dx dy 

+ / r]w°' {vUxVx + p(TWx7]y + pcrwyrix + a'^Wyrjy) yVo dx dy 
Jm 



aiWxA — {wx + pcrwy) sigi\{x) r]^w°'yrv dx dy + / {ru — f) rf'w'^Vo dx dy. 
2 J 

Using (j5.1ip to compute VH{w) = ^^w^'^~'^'>^'^Vw, we can rewrite the preceding equation as 
2a 







|l + a|2 
2 



+ 



1 + a 
2 

1 + a 



r?2 [dxH{wf + 2padxH{w)dyH{w) + a'^dyH{wf] ym dxdy 
r]H{w) [dxH{w)r]x + padxH{w)r]y + padyH{w)r]x + a'^dyH{w)r]y] ytv dx dy 
aidxH{w) + — {dxH{w) + padxH{w)) sign(x) 77 H{w)yW dx dy 



+ / {rw + r{m4R — k) — f) r/'^w'^n dx dy. 
Jm 



Using the uniform ellipticity property (jl.l6p . Holder's inequality, the fact that w > k hy (j5.7p . 
and the preceding identity, we see that there is a positive constant C, depending only on the 
coefficients of the Heston operator, such that 



/ r]'^\\7H{w)\'^y^dxdy <C\l + a\ 
Jm 



{rj^ + y| Vr/p) ^l;°+^tt) dx dy 



and hence 



+ / rj'^lf + r{k — m4ji)\w°'w dx dy 
Jm 



/ r]'^\VH{w)fyKidxdy <C\l + a\ / {rj'^ + y\Vr]\'^) w^+^tv dx dy 
Jm Um 

2\f + r{k -m4R)\ a+1 , , " 
" tv dxdy 



+ / V 
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Using definition ()1.12|) of the weight w, we can rewrite the preceding inequality as 



/ r]'^\VH{w)\'^y'^ dxdy <C\l + a\ / {r]^ + y\Vr]f) w'^+^y'^^^ dx dy 



J 



+ / V 



\f + r{k - m4n)\ a+i 



k 



w<^+^yP-^ dxdy 



(5.15) 



where the constant C now depends in addition on R. By Holder's inequality, we have 

f + r{k- iriiR 



2 \f + r{k-m4R)\ „+i 

r] ; w y^ dx dy < 

k 



supp »7 
X 



rjw 



k 

(q+1)/2 



Q \ 1/9 

y^~^ dx dy 



2q* \W 

y'^ dx dy 



(5.16) 



From our definition of k in (|5.5p . there is a positive constant C, depending only on R and /?, such 
that 

1/9 

(5.17) 



/ 

J supp r? 



f + r{k- m^R) 



k 



y^^^dxdy] <C. 



From inequalities ()5.15p . ()5.16p and (I5.17p . we obtain 

f rf\VH{w)\^y^ dxdy <C\l + a\ [ {if + y\Vif) w'^^^y'^"^ dx dy 



+ 



r]w 



(a+l)/2 



2q* 



dx dy j 



\ 1/9* 



(5.18) 



where the positive constant C depends on the coefficients of the Heston operator and R. We 
apply Lemma |2. 21 to r]H{w) and we have 

f / r \(p-2)/2 . 

/ \r]H{w)\Py^-Uxdy < i / ri^\H{w)fy^-^ dx dy) / \V{r]H{w))fy'^ dx dy 

Jm \Jm ) Jm 

(p-2)/2 



< ( / Tf\H(wfyf^-^ dxdy 

\Vr]f\H{w)fy^ dxdy + rf\VU(w)fyf^ dx dy 



Combining the preceding inequality with (j5.18p . we obtain 

\i^H{w)\^y^-^ dx dy 

(p-2)/2 



<C7|l + a| [J rf\ii{w)fy^~^ dxdy 

[rf ^y\Vr]f)\R{w)fyf^"^ dxdy^ \ [ \r]H {w)f''* y^~^ dx dy 

\Jm 
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and thus 

\r]H{w)\Py^-Uxdy 

p/2 



<C7|l + a|(l + ||VyV77||i^(e)) (/ 7j^\H{w)\^y^-Ux dyY (5.19) 

^ ' V^suppr; / 

/ r \ (P-2)/2 / . X 1/q* 

+ C|l + a| n 7?2|i7(u;)|2/-i(ixdyJ (j\riH{w)\'^'i'y^-^dxdy\ 



From our assumption (|5.3p that q > n + /?, we have 2 < 2g* < p. Since q < oo impHes q* > 1, 
while q> n-\- (3 imphes 

< (n + /3)/(n + /3- 1), (5.20) 

and thus 2q* < p hy (j2.ip . Hence, we may apply the interpolation inequality [281 Inequality 
(7.10)], for any e > 0, to give 

II'?^^(w')IIl2.*{H,3/.'3-i) < eh-H'(w')llLP(H,y/3-i) +e~^ll^^('^)llL2{H,y.3-i)> 

where ^ is given by ()5.14p . We need the preceding inequality in the form 

\ 1/9* 

|2g%,/3-l - - ^ 



\riH{w)\"^ yP-'dxdyj = \\r^H{w)\\{,,. ^^^^^.^.^ 

< 2e2||r;/7(u;)||2^(jj^^,_i) +2e-2?||r?i/(t/;)||2,(jj^^,_,^. 
Applying the preceding inequality in ()5.19p . we obtain 

ll^^(^)llip(H,s;^-l) 

< C|l + a| (l + ||V^Vr?||i.(jj)) ||^HIIi.(,,pp,,,,-,) 

+ C\l + a\\\r^H{w)r-l^^^^^^,_,^ (e2||^i7(^„)||2^^^^^,_,^ + e-2C||^^(^)||2^^^^^^_^^^ 
Recombining terms, we see that 
ll^^("^)llip(e,y/3-i) 

<C\l + a\{l + (l + II VyVr?||i.(jj)) ||^HIIi.(,,pp,,,.-.) 

+ C|l + a|e2||?7i^(^l;)||^p^JJ^^^_l^||?7i^(^i;)||P;2^^^^_,^. 
To bound the last term in the preceding inequality, we apply Young's inequality with the conjugate 



exponents {p/2,p/{p — 2)) to give 

-2 _ < 

/iui..fl 1\ _ ^ ..i,^^jni,y- ') p 



II^^HIlip(H,y/3-i)II^^HIIi2(H,y/3-i) ^ ^ll'?^HIlLP{H,y^-i) + ^T7^II^^HIlL2{H,y^-l)• 



|P 

I (supp r),yf^~^) 



Thus, 

||r?i/(«;)||^,(jj^^,_,) < C|l + a| (l + (e^ + £-2?)) (^i + ||^V7?||i^(e)) \\H{w) 
+ C\l + a\e^\\riH{iv)\\l^^^^y,_,y 

1 /2 

By choosing e = 1/ (2C|1 + q|) ' and taking roots of order p, we find that 

\\vH{w)\\L,^j^^y,s-i) < [C\l + a\f+^^/P (l + llVWryllioop))'^" II^(«^)IIl2(supp„,j,/3-i), 
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which is equivalent to (|5.12p and (|5.13p . 

Step 2 (Moser iteration with negative power). In this step we apply the Moser iteration technique 
starting with a suitable a = ao < — 1 in ()5.12p with functions w in (|4.7p . Let {r]]\f}NGN be the 
sequence of cutoff functions considered in Step [2] in the proof of Theorem 11.71 Let oq < —1, 
Po := ao + 1, Pn '■= Po(p/2)^, where p is as in (j2.ip . and on + 1 := Pn- We notice that 
Pn — )■ — oo as increases. Set 

I(N):=( [ \w\P''y'^-^ dxdy] 

By applying ()5.12p with w = u — + k, a = on-i, and t] = i]j\f, we obtain for all > 1, 



/ rfj^w^'^^-'+^^P^^y^~Uxdy) < Co{R,a) ( I 
Jm J \Jb 



2 s 1 ^ 

y' dx dy 



Since (oat-i + l)j5/2 = p^ and a^-i + 1 = Pn-i, we can write the preceding inequality as 
If IwlP^y/^-^dxdy] <CoiR,a)[[ \w\P^-^y^-^ dx dy] . 

Taking roots of order p/pN and noticing that p/pN < 0, we obtain 

I{N)>CiiR,N)I{N-l), (5.21) 

where Ci{R,N) is given by 



Ci{R,N) := [C|p^_i|](«+i)/P- (1 + ||VyV77„||io 



and C is a positive constant, independent of R and A^, depending only on the coefficients of the 
Heston operator and R. From Lemma [231 the bound on |Vr/jv| and the fact that < i? < 1, we 
obtain 

l + ll^/yV77„||ioo(H) <cN^R-^ 
for some positive constant c, and so, we may assume without loss of generality 

Ci{R,N) = [C\pN-i\N'f^'^^'"' i?-'/^^. (5-22) 

We notice that 

< oo, 

Af>l 

where C2 depends at most on the coefficients of the Heston operator, R and q. From (j4.24p . we 
know that for some constant c > we have \B2r{zo)\^-i > cR'^^^P'^I Thus, 



llC,iR,N)>C2\B,Rizo)\];iP," 



Af>l 

By iterating (j5.2ip . we obtain /(— 00) > /(O) nAf>i Co{R,N), which gives us 

l/po 



ess infu; = I(-oo) > C2 I |„ [ l^p/"^ ) . (5.23) 

Bnizo) \\B2R[Zo)\(S-~1 Jb2r{zo) J 
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Step 3 (Application of Theorem I3.1|) . The purpose of this step is to show that we may apply 
Theorem l3.1l to w with Sr = -B(2+r)_R.(-^o)i < r < 1, and = 6i = 1. By Proposition l3.2l we find 
that w satisfies the inequalities (13. 2p . so it remains to show that (13. 3p holds for logw. For A as 
defined in (f3l3]l and Sr = IB(2+r)R(^o) = B(^2+r)R{zo), writing -B(2+r)R(^o) in place of S(2+r)ij(2^o) 
for brevity, we have by Holder's inequality that 

A< sup inf — — r-j / \ log w — c\'^y^ ^dxdy\ , 

0<r<lcGM y|i^(2+r)fl(^0j|/3-l JB(2+,)^{2„) J 

and so, Corollarv 12.61 gives us 

A< snp ii2 + r)R)^ I — \ ., / \V log w\'^y^ dx dy] . (5.24) 

0<r<l \\-t^{2+r)R{Z0)\p JB(2+r)RM J 

Let r] G Cq(IHI) be a non- negative cutoff function such that 77 = 1 on 5(2+r)-R(-^o)i r] = outside 
BiR{zo), and \Vr]\ < C/R^. We choose v = rf/w, where w is given by (|5.6p . or (j5.7p for 
concreteness, and notice that G -^0(1^ U Fq, It)) by Lemma |A.3[ With this choice of as a test 
function in the variational equation (jl.l4p satisfied by u, we obtain 

(/,'t')L2(^» = a{u,v) 

= -- / — {wl + 2paWxWy + (T^w^) T/ID dx dy 
2 w 



+ / — [wx??x + pcriwxVy + WyTix) + a^WyTiy] yxo dx dy 

ytv dxdy 



f t 



7Signxj 

^ {Wx + /OCT-Wy) + 01 -Wa: 

+ / rrf—Vo dx dy. 

Je w 

Using the uniform ellipticity property and Holder's inequality, we obtain there is a positive 
constant C, depending only on the coefficients of the Heston operator and R, such that 

[ ri^\y log w\^y^ dxdy <C [ {\Vif + if)y^dxdy + C [ ^2 I/I + ^^^ yP-^^xdy. (5.25) 

jg w 

From Lemma 12.41 assumption (15. ip and the fact that |V?7| < C/R?, we have 
/ + Tf)y^ dxdy < (:7i2-^i22(n+/3) 

Jff (5.26) 

<C((2 + r)i?)"^|i3(2+,)^X2o)|/3. 
Using the definition (j5.5p of k{R) and Holder's inequality, we obtain 

/ r,'\-il±^y^-Uxdy < — ^ II/IIl.(B.«(.o),.^-)«'^"^'-^^/^* 

I J_ 732{n+/3-l) 

and thus 

/ ^2 l/l + hl ^/3-l dxdy<c( i?2(n+/3-l)/,* ^ ^2(n+/3-l)-.\ ^ (5^37) 

Jff w V / 
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The condition q > n + (3 implies 

2(n + /3- l)/g* -2(n + /3) > -4, (5.28) 

since 1/q + 1/q* = 1. Also, because uj is chosen in (0, 2), we obviously have 

-2-u}>-4. (5.29) 

Using ()5.28p and ()5.29p . and < R < R, we obtain in inequality ()5.27p that there is a positive 
constant C, depending only on the coefficients of the Heston operator and R, such that 



f ^2m±H^/3_i^^^y<^((2 + r)i?)2("+'^)-^ 



<C{{2 + r)R)-^\B(^2+r)R{zo)\p. 



(5.30) 



In the last inequality, we used Lemma 12.41 and (15. ip . By combining equations (15.25P , (j5.26p and 
()5.30p . we obtain 

f I V log dxdy<C ((2 + r)R)-^ |%+.)fl(^o)|/3. 

"^-B(2+r)i?{20) 

Then, it immediately follows that the right hand side of (j5.24p is finite, and so, (j3.3p holds for 
log w. 

Step 4 (Proof of inequality (I1.27P ) . In the previous step we showed that Theorem 13.11 applies to 
w with 6q = 9i = 1. Hence, there is a constant C > 0, depending only on the coefficients of the 
Heston operator and R, but independent of R and w, such that 

^ ^ Hyl^-^ dx dy] <C\ . / . , [ Iwl-^yf^'^ dx dy] . 



\\B2R{zo)\f5-l JBiRizo) J \\B2r{zo)\i3-1 JB^Rizo) 

(5.31) 

Prom (|5.23p and Lemma \A.6\ we obtain 

ess infu; = J(-oo) > C ( ,^ / . , / \w\y^-^ dx dy] . (5.32) 

Bnizo) \\B2R{Z0)\i3~1 Jb2r{zo) J 

We now choose w = u — m4ji + k and w = M^^i — u + k in (|5.32p . By adding the following two 
inequalities 

mji — m^R + k{R) = ess inf(ti — m^R + k{R)) 

Br{zo) 

C /" 

- — / ~ "^4R + k{R))y^^^ dx dy 

\^2R{Zq)\p_i Jb2r{zo) 

C f 

- T5 — r^n / ~ f^4ij)/~^ dx dy, 

\^2R{Zo)\i3-1 Jb2r{zo) 

Mm -Mr + k{R) = ess inf(M4ij -u + k{R)) 

B'zR 



> ^ 



- / {M4R -u + k{R))yl^^^ dx dy 

1 Jb2r(zo) 



C I' 

- iR ( M / (^4R - u)y^-^ dx dy, 

|-D2ij(, 20 j 1/3-1 Jb2r(zq) 

we obtain 

{Mm - mm) - {Mr - tur) + 2k{R) > C {Mm - mm) ■ 
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Without loss of generality, we may assume C < 1 (if not, we can make C smaller on the right- 
hand side of the preceding inequality). Therefore, the preceding inequality can be rewritten in 
the form 

OSC U<C OSC U + 2k(R). fr,r>o\ 

Because g € (n + /3,s) by ()5.3p and / G L^{Bj^{zq),vo) for some s > n + /3, by hypothesis in 
Theorem 11.111 Holder's inequality yields 

Let 

s-q 



V := min < cj, 2(n + /3 — 1) 

Consequently, from ()5.5p . we see that there is a positive constant C, depending only on n = 2 
and /3, such that 

m) < C + \mfi\ + |M^|) R\ (5.34) 

Therefore, by applying [28l Lemma 8.23] to (I5.33P and using the inequality (|5.34p . we find that 
there is a positive constant C depending on the coefficients of the Heston operator, the constant 
\\f\\L''{Bji{zo),yi^-^)^ ||'u||Loo(5^(2g)), and there is a constant ao G (0,1), depending on s,n 
and (3, such that 

OSC u<CR'^\ 

Br(zo) 

which is the desired inequality (ll.27p . Because R depends on the uniform interior and exterior 
cone condition with cone K, and is chosen such that R < Ro/2, we notice that the constant C 
depends on the coefficients of the Heston operator. A, and on ^o, K, H/His^^^ (^^^ ,^;3-i), and 

\W\\Loo(B^^^izo)) 

Step 5 (Proof of inequality ()1.28p ). We prove the estimate p.28p for points zi,Z2 G Bpt{zQ), 
where R satisfies 

< 8/2 < min{i2, dist(zo, Li)}, (5.35) 

where dist(-, •) is the distance function defined by the Koch metric. Condition (I5.35P implies that 
for any z G Bfi{zq), we have that ()5.ip holds for Bfi(z), and so estimate ()1.27p applies on such 
balls, hi particular, for any points (xi,yi), (xi,0), (x2,0) G Br{zq), the estimate (I1.27P gives 

\u{xi,yi) - u{xi,0)\ < Cd{{xi,yi),{xi,0))°"' , 

\u{xi,0) - u{x2, 0)\<Cd ((xi, 0), (X2, 0))"° . 

Notice that we have the simple identities 



d{{xi,yi),{xi,0)) = ^/m/2, 

(5.37) 

d{{xi,0),{x2,0)) = y^\xi - X2I, 

and so, we can rewrite (j5.36p in the form 

\u{xi,yi)-u{xi,0)\<C\yir/^ 

|u(xi,0) -n(x2,0)| <C7|xi-X2r°/2. 

The idea of inequality (ll.28|) the proof now follows [16^ Corollary 1.9.7 & Theorem 1.9.8], but 
with certain differences which we outline for clarity. Let e G (0, 1/8) be fixed and consider the 
following two cases. 
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Case 1 (Pairs of points in Br{zq) obeying (j5.39p ). Let zi = {xi,yi) G Br^zq), i = 1,2, be such 
that 

\zi- Z2\>e{yj + y^). (5.39) 
Prom (|5.2p . we can find a positive constant C such that 

\xi - X2\ < Cd{zi,Z2). (5.40) 
Using our current assumption (15.39j) . in addition to (15. 2p . we also have 

d{zi,Z2)>eCyf, i = l,2, 
and so, there exists a positive constant C, depending on e, such that 

yi<Cd{zi,Z2f'^, i = l,2. (5.41) 
Denote z- = (xj, 0), for z = 1, 2. Applying (j5.40p and (|5.4ip in ()5.38p . we obtain 

\u{zi)-u{z[)\<Cd{zi,Z2r/\ i = l,2, 

\u{z[)-u{z'2)\<Cd{zi,Z2r'\ 

and hence, using ()5.2p . 

|ii(zi) - ^(2:2)1 < l^i(^i) - ^^(4)1 + 1^(4) - ^(4)1 + W{z2) - ^i(4)l 
<cd{zi,z2r'\ 

that is, 

|tx(zi) - u{z2)\ < Cd{zi,Z2T°'^. (5.42) 

This concludes the proof of Case [H Therefore, the estimate ()1.28p holds in the special case 
\zi-Z2\ >e{yl + yl). 

Case 2 (Pairs of points in Br{zq) obeying (I5.43P ). Now we consider points Zi = {xi,yi) G Bji{zq), 
i = 1,2, such that 

\zi- Z2\ <e{yl + yl). (5.43) 

By scaling and using interior Holder estimates \28\ Theorem 8.22], we show that the estimate 
(I1.28P also holds in this case. We proceed by analogy with the proofs of [161 Theorems 1.9.1-4 & 
Corollary 1.9.7]. We may assume without loss of generality that 

1 > 2/2 > yi and X2 = 0. (5.44) 

Let a = y2- We consider the function v defined by rescaling, 

u{x,y) =: v{x/a,y/a). 

The rescaling z ^ z' = z/a maps Ej^2/2(-2^2) into Ei/2(4)- Recall that £^(2;) denotes the Euclidean 
ball centered at z of radius r relative to IH (Definition 12. 3p . Prom our assumptions (|5.2p , ()5.43p 
and the choice of e G (0, 1/8), we see that 

- 41 < 2ey2 < 1/4, (5.45) 

and so 4 ^ 1^1/4(4)- Prom [151 Theorem 5.10], we know that u G Hf^^{B j^{zQ)) , and so by direct 
calculation, we conclude that v{z') solves 

Av{z) = af{az) on Ei/2(4), 
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where we define 

{Av){z') := ^y' {v^x + 2pavxy + cr'^Vyy) {z) + {r - q - ay l2)vx{z) 

+ k{Q — ay')vy{z') — arv{z'). 

On the bah E]^/2('22)) the operator A is uniformly elliptic with bounded coefficients. Moreover, 
there is a positive constant M, depending only on the coefficients of the Heston operator, such 
that for all a € (0, 1), M is a uniform bound on the L°°(Ei/2(-22))-iiorm of the coefficients of A. 
For brevity, we denote fa{z') ■= af{az'). By [28l Theorem 8.22], there are positive constants C 
and ao G (0, 1), depending only on the (Ex/2 (-2^2 coefficients, such that 



osc V < CR""" 

]Efl(4) 



(lbllL-(Ei/2(4)) + ll/a||L»(Ei/2(4))) , ViiG (0,1/2], (5.46) 



because s was assumed to satisfy s > 2n (recall that n = 2). We see that 

lbllL-(Ei/2(4)) = IKIIl-(e,2/2(^2)) < \Ml--{b^{zo))^ (5.47) 

where we used the fact that Ky^/2i^2) ^ ^r(-2o)) which in turn follows from the requirement 
4R < R in the hypotheses of Theorem II. Ill We also have 



ll/alli»(E,/2(4)) = / \af{azTdx'dy'= / \f{z)\'a'--dxdy, 



that is, 



/ \f{z)\'a'~''dxdy. (5.48) 



/■«lli=(Ei/2(4)) 

12^2/2(22) 

Using the fact that 1/2/2 <y< 3^2/2 for all z = (x,y) E Ey2/2(-22)) assumption ()5.2p . and the 
fact that s > n + /3 by hypothesis of Theorem 11.111 the estimate (|5.48p yields 

||/a||^(E,/2(4)) ^ ^ / l/Wr/"'^^^y, (5.49) 

where C is a positive constant depending only on j3. Applying (j5.47p and ()5.49p in (j5.46p yields 

osc T;<Ci2-"(||nboo(B_(,„)) + ||/||i.(5^(,„))), ViJG (0,1/2]. 

In particular, because € Ex/2(-22)5 we see that 

k(4)-K4)l <^^l4-4r", 

where the positive constant C now depends on 11^1^00(5^^(20)) ^"^^ II/IIl''(B4;j(2o),w)- -^y rescaling 
back, we obtain 

~J ) ■ (5-50) 

Using the following sequence of inequalities, 



\Z1 - Z2\'^/yi ^ \zi - Z2p +2/2 + \Z1 - Z2\ 



d{zi,Z2) y\ \z\-Z2 

\Z\ - Z2 



- 2 \/yi + y2 + \Z\ - Z2\ 

vl 

< 2e^Jyi + 1/2 + \z\ - Z2\ 

<1 (by ([52]) and e G (0,1/8)), 
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we therefore have 

\zi - Z2\ 



< d(zi,Z2)^/^. (5.51) 
Consequently, (j5.50p gives us 

\uizi)-uiz2)\<Cd{zi,Z2r°/^. 

This concludes the proof of Case [2l 

By combining Cases [1] and [2l we find that, for any zi, Z2 € Bji{zo) and R satisfying ()5.ip . (|5.2p 
and ()5.35p (see Lemma [4.11 regarding the expressions for the upper bound for R in the hypotheses 
of Theorem II. lip , we have 

\u{zi)-uiz2)\<C2dizi,Z2r\ (5.52) 

where C2 and 02 are constants with the dependencies stated in Theorem 11.111 for Ci and ai, 
respectively. Notice that this inequality is not as strong as the inequality (jl.28p . which holds 
for all zi,Z2 G Bj^{zQ). We shall explain in ^5.21 how the inequality (jl.28p is obtained after the 
solutions u are shown to be Holder continuous at points zq G fonri, which we also prove in ^5.21 



□ 

5.2. Holder continuity on neighborhoods of the corner points of the portion of the 
boundary where A is degenerate. We now have 

Proof of Theorem 1 1 . ll\ for points in Fq H Ti. Suppose zq G Fq H Fi. We let R be as in the proof 
of Theorem 11.111 for points in Fq, in §5.11 From the standard theory of non-degenerate elliptic 
partial differential equations (for example, |281 Theorem 8.30]), we know that 

u £ C{Bji{zo) n M) and u = on dBji{zo) D Fi. (5.53) 

Recalling that = max{n, 0} and u~ = max{— ti,0} denote the positive and negative parts of 
u, respectively, we have that G C{B^{zo) H H) and = along the portion of the boundary 

dB^{zo)nri. 

Our goal is first to prove that there are constants C, depending only on the coefficients of the 
Heston operator, the cone K, n, s, Rq, {zo),yf'-'^) (20))) Q^O; depending 

only on n, s and /?, such that 

osc n±<C7i?"o, yO<8R<R, (5.54) 

Br{zo) 

which obviously implies that (jl.27p holds for n, for possibly a different constant C with the same 
dependency as above. 

Our proof uses the same method as in the case of points in Fq but a choice of w which is 
different from that of (j4.7p , and a choice of test function v which is different from that of (j5.10p . 
Moreover, we do not need to appeal to the John-Nirenberg inequality. Since zq G FonFi, however, 
it is important to make a distinction between Bii{zq) and Mfi{zQ). 

We denote 

:= ess supit^. (5.55) 

Br(zo) 

Let k = k{R) be defined as in ()5.5p . Therefore, we now define on B4r(zo) by 



-u 



^'z) + Mfj^ , Z G B4i? (^0 ) n S4fl (zo ) , 



\+M±j, z(^M^r{zo)\B^r{zo). 
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As in the case of points in Tq, we may assume without loss of generahty that (jS.Sp and (j5.9p 
hold. From (15.53j) . we notice that M4R > and < 0, and so it follows that Af4/j = and 
m4ij = — M^. Therefore, assumption (|5.8p becomes 

or M^Ry^O. 

If = 0, then u = on B^ji^zq), and it suffices to continue the following argument only for 
u~^. The same remark applies to = 0. Thus, we may assume without loss of generality that 

M+j / and M"^ / 0. (5.57) 

Let a < —1, and let be a smooth cutoff function such that suppr/ C M4Fi{zo). We now define 



V 



rj' [{nj^y - (k + Mii,r] . (5.58) 

We notice that is a well-defined function, for any choice of a G M, by (15.570 and ()5.9h . By 
Lemma lA. 41 € Hq{0' U Tq, tt)) is a valid test function in (|1.14p . We observe that the function 
obeys 

k<w^<k + M^p, on]B4ij(zo), 
and, because a is non-positive, we also have 

A;" > {w^Y >{k + M^j)" on Mm{zo). 

These inequalities are important in deriving the analogues of the energy estimates in the proof of 
Theorem 1 1 . 1 II for points in Tq. Steps [T] and [2] in the proof of Theorem 11.111 for points in Tq apply 
to our current choice of for points in Tq H Fi, with the only exception that we now define 
I{N) by 

I{N) := / \w^\P^ y^-^ dx dy 

Therefore, we obtain the analogue of (|5.23p . 

/ \1/P0 

ess inf = I(-oo) > C ,^ , / T"/"^ dxdy] 

which implies 

/ y/po 

ess mfw^ > C -— / \w^\P°y^-^ dxdy] , (5.59) 

\\^2r{zq)\i3-.1 JB2Rizo)\B2R(zo) J 

where pq is a negative power and C is a positive constant depending on the coefficients of the 
Heston operator, n, s and K. Notice that in the preceding second inequality, we used the fact 
that 

\Mr{zq)\Br{zq)\p^i ^ 0. (5.60) 

Condition (j5.60p is implied by (j4.2p . which follows from the exterior cone condition on Fq H Fi, 
by (112]) • We claim that ([536]) implies 

= k + M^^>M^^ on M2r{zq)\B2r{zq). (5.61) 

Indeed, to see this we recall from (j2.3p and (jl.20p that Mr(zq) denotes the ball in the d- metric 
relative to the half-space, H, while Br(zq) denotes the ball in the d-metric relative to the domain, 
^. From the definition (j5.56p of we have 

w^ = k + Mf^ > Mf^ on MiR{zQ )\BiR{zo). 
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and so (|5.6ip will follow from 

M2r{zo)\B2r{zo) C M4Rizo)\B4Rizo). (5.62) 
But for any radius r > 0, we have 

Br{zo)\Br{zo) = {z G B.(zo) -Z^^}, 

because Bj-^zq) = Mr{zQ) n i^, and this gives (|5.62p . Thus, (|5.6ip holds as claimed. 
Next, we claim that (15.56P implies 

ess inf = k - + M^^. (5.63) 

To see this, observe that ()5.56p gives 

^± ^\k-u^ + M^j^ on Br{zo), 

[k + M^j^ onMn{zo)\BR{zo), 

and k — + ^ar ^ ^ + ^ar ^-^^ Br(zq) since the are non-negative. Therefore, 

ess inf = ess inf 

= k + ess inf (-li^^) + M^p 

= k — ess sup + M^j^ 

Br{zo) 

= k-M^+ M±j, (by ^M) 

which is (|5.63p for , as claimed. 

Using (j5.63p on the left-hand-side of (|5.59p and (|5.6ip on the right-hand-side of (|5.59p . we 
obtain 

m) - Mi + > C (EH»(i2fci) (M^,) 

V P2_R(Z0j|/3-l / 

that is, 

k{R) - M± + M±j > CM^^. (5.64) 
Indeed, (j5.64p follows because po < and 

\B2r{zo)\p-i ^ ^ 
\M>2r{zq)\B2r{zo)\p-i - 

We rewrite (j5.64p . using oscg^i^^o) = ^r^ 

osc < C osc + k{R), 

Br{zo) B4r{zo) 

where C S (0,1) is a constant independent of R. Just as in the proof of Theorem 11.111 for the 
case of points in Fg, we can apply |28l Lemma 8.23] to conclude that (j5.54p holds for for 
positive constants C, depending on the coefficients of the Heston operator, n, s, the cone K, Ro, 
(zo),!/""^) IKIIl°°(-B5 (2()))' '^0 £ (0)1)) depending on s, n and /3, which implies 
that (jl.27p holds for ti, for possibly a different constant C with the same dependencies as before. 

To establish (jl.28p . we proceed as in the proof of Theorem 11.111 for the case of points in Fq. In 
order to adapt the argument for the case of points in Vq to points in Fq H Fi, we need analogues 
of the inequalities (|5.36p to hold in a neighborhood in 0" of G Fq n f i. Given these analogues 
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of the inequalities (j5.36p , we can apply the same argument as used in the Step [5] of the proof of 
Theorem 11.111 for the case of points in Tq, but instead of applying |28l Theorem 8.22], we now 
apply [28l Theorem 8.27]. As before, we assume (j5.35p holds. 

Without loss of generality, we may assume zq = (0, 0). Let zi = (xi, 0), Z2 = (x2, 0), Z3 = {x, y) 
and Z4 = {x,0) be points in B]i{zo). We may assume X2 > xi and x,xi,X2 > 0. We claim that 
the following analogues of the inequalities (I5.36|) (for points zq S Tq) hold for points zq G fonri, 

\u{zi)-u{z2)\<C3d{zuZ2r, 

\u{z3)-u{z^)\<C3dizs,Z^r\ ^ • ^ 

for some positive constant C3 and 03 € (0, 1) satisfying the same dependency conditions as in 
the statement of Theorem 11.111 For the first inequality in (j5.65p . we consider two cases. 

Case 1 (Points 2:1,2:2 G Br{zq) obeying (15.660 ). If 

d{zi,Z2) > lmax{d{zi,zo),d{z2,zo)} , (5.66) 

o 

then we have 

\u{zi) - U{Z2)\ < \u{zi) - u{zo)\ + \U{Z2) - u{zo)\ 

< Cdizi,zor> + Cdiz2, zor (by (II2ZI)) 
<Cd{zi,Z2r° (bydSSl), 
and so the first inequality in ()5.65p holds in this case. 

Case 2 (Points 21,22 G Br{zo) obeying (fSTeTl) ). If 

^(^1,22) < ■^max{(i(2i,2o),c?(22,2o)} , (5.67) 
o 

then, we apply ()5.52p on the ball Bj^{z2) with R = d{zi, 22). 

Combining the preceding two cases, we obtain the first inequality in (j5.65p . 
Next, we consider the second inequality in (j5.65p . By (j5.37p . we have 



(^(•ZS) -24) = v y/2 and d{z4, zq) = y/x. (5.68) 

As in the proof of the first inequality in (I5.65p . we consider two possible cases. 

Case 1 (Points 23,24 G Br{zq) obeying (|5.69p ). If 

X > 32y, (5.69) 

then, by (j5.68p . we have ^(23, 24) < 1/8^(24,29). We may apply (j5.52p on the ball Bp,{zi) with 
R = d{z3, 24), and we obtain the second inequality in ()5.65p . 

Case 2 (Points 23,24 G Br{zq) obeying (|5.7Up ). If 

X < 32y, (5.70) 

then we have ^(24, 29) < 8(^(23,24). Also, a direct calculation gives us ^(23, 29) < Cd{z3, Z4), for 
some positive constant C. By (jl.27p . we obtain 

|u(23) - ti(24)| < |u(23) - u(2o)| + 1^(24) - n(29)| 
< Cd(23,2o)"« + C(i(24,29)"° 
<2Cd(23,24)"0, 

and we obtain the second inequality in (j5.65p . 
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The proof of (j5.65p is complete. We may now conclude, by applying the same argument as in 
Step [5] of the proof of Theorem 11.111 for the case of points in Tq, that for any zi,Z2 G Br{zq)^ 
where R satisfies ()5.1|) . ()5.2p and (|5.35p . we have 

\u{zi) - U{Z2)\ <Cid{zi,Z2T\ (5.71) 

where C4 and 04 are constants satisfying the dependencies stated in Theorem 11.111 for Ci and 
Qi, respectively. □ 

Completion of proof of Theorem It remains to complete the proof of inequality (|1.28p . No- 
tice that inequalities (j5.52p and (j5.7ip are slightly weaker than (|1.28p . because they apply to 
points zi, Z2 e Bji{zo), where R is required to satisfy assumptions (j5.ip . (j5.2p and (j5.35p . instead 
of assuming i? = ^ as in (jl.28p . To obtain (jl.28p , all we need to notice is that (j5.52p and (j5.7ip 
imply that u is -Holder continuous on Bj^{zq) n {Tq x [0,i?i]), for some positive constant R\ 
and for some 05 S (0, 1) satisfying the same dependencies as ai in Theorem 11.111 The constant 
Ri is chosen small enough that it satisfies assumptions ()5.ip , ()5.2p and ()5.35p , when R is replaced 
by Ri. On Bj^^{zo) n {y > -Ri}, the operator ^ is a uniformly elliptic with bounded coefficients, 
so [281 Theorem 8.29] applies and, for an 03 G (0,1), we see that u is C"-* -Holder continuous 
with respect to the Euclidean metric on Bj^{zq) H {y > .Ri}. Because the Euclidean and the 
Koch metric, d, are equivalent on Bj^{zo) Ci {y > Ri}, we see that u is Cf^-Holder continuous 
with respect to the Koch metric, d, on Bj^[zq) n {y > -Ri}. The Holder exponent, 03, depends 
on the coefficients of the Heston operator. A, together with n, s, Rq and on the cone K defining 
the uniform exterior cone condition along f 1 n Bj^{zo), if zq S fo H Fi. Therefore, we obtain 
inequality (|1.28p with an ai G (0, 1) and a constant Ci > depending on the coefficients of the 
Heston operator. A, together with Rq, s, n, and K. The constant Ci depends in addition on 

\\f\\L^{Bii^^izo),yP-^) and \\u\\lo.(^b^^{zo))- 
This completes the proof of Theorem II. Ill □ 

5.3. Holder continuity of solutions to the variational equation on a neighborhood of 
the portion of the boundary where A is degenerate. We conclude this section with the 

Proof of Corollary \1.1SX We let Ri be small enough so that it is less than the values of the 
constants R/2 appearing in Theorem 11.71 and in Theorem 1 1.1 11 applied with ^0 '■= ^- In addition, 
we choose Ri such that 

Br^{zq) C ^5/2(^0), Vzo G fo. 

Recall definitions (ll.20p and p.3p for balls defined by the Koch metric d, and definitions p.Sp 
and ()2.4p for the balls defined by the Euclidean metric. By choosing R2 := i?f/2000, we see that 
()2.7p implies ¥.ii^{zq) C Mji^{zq), for all zq G 911, and clearly also that 

Er^{zq)ciBr,{zq)ciBs/2{zq), VzoGTo. (5.72) 
By (I5.72p . we can find a sequence of points {^^olneN -'^0 such that 

^R2/2 C U Er,{z^) C U Br,[zI) C U Bs/2{zq). 

nSN neN ^oeLo 

We choose 5i := -R2/2 and so we obtain 



C \JBr,{z^)(1 U Bs,2{zq). 
raSN zoeLo 



(5.73) 
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By (fOO]) . we have / G L'{Bs{zl}),yi^-^) and u G L'^{Bs{z'^),yl^-^), for all n G N. Because the 
constant C in (jl.21|) does not depend on the point zq G Tq, we deduce from (|5.73p . by applying 
the estimate (jl.2ip on each of the balls Bpi^{zq), n G N, that 

sup ||n||ic<,(o (^^)) <C( sup ||/||l-(b,{^o)) + sup \\u\\l^b,{zo))] . (5-74) 
zoGTo \2oero ^oePo / 

for some constant C depending only on n, s, K and the coefficients of the Heston operator. This 
yields u G L°°{i?s-i)- By Theorem II. IH we know that u is continuous on ^5^, from which it 
follows that u G C\oc{^5-i)- 

We show next that, for some constant C2, satisfying the same dependencies as the constant C\ 
in the statement of Theorem II.IH we have 

\u{zi) - u{z2)\ < C2d{zi,Z2r\ Vzi,Z2 G (5.75) 



from which it follows that u G C"^(i^5^). The Holder exponent ai G (0, 1) is as in Theorem 1 1.1 II 
To prove (]5.75p . we consider two cases. We fix zi,Z2 G ffsi- 

Case 1 [d{zi,Z2) < Ri/2). First, we assume that d{zi,Z2) < -Ri/2. Because Ri was chosen 
such that Ri < R/2, where R is the constant appearing in Theorem II.IH we clearly have that 
d{zi,Z2) < R/2. By ()5.73p . we see that zi G Bii-^{zq) for some n G N, and so d^zi^z^) < Ri < 
R/2, which implies that d{z2,ZQ) < R. We obtain that zi,Z2 G Bj^{zq), with Zq G Tq, so we 
may apply inequality (I1.28P on Bj^iz^) to conclude that (I5.75P holds for points 2:1,22 £ with 
d{zi,Z2) < Ri/2. 

Case 2 {d{zi,Z2) > Ri/2). If zi,Z2 G and d{zi,Z2) > Ri/2, then using the fact that 
u G L°°((^5j, we have 

\ ( \ ^ M ^ on II d{zi,Z2)°'^ 
\u{zi) - u{z2)\ < 2||^|Uoo(^^j (fii/2)"i • 

By combining the preceding two cases, we see that (j5.75p holds for all points zi,Z2 G ^Sj- 
Moreover, using also (|5.74p . we see that the Holder norm of u on depends on the coefficients 
of the Heston operator, A, together with n, s, K, 6 and the supremum bounds in (jl.30p . This 
completes the proof of Corollary 11.121 □ 

Remark 5.2 (Holder continuity up to Tq and Sobolev embeddings). Holder continuity of so- 
lutions does not follow by an embedding theorem for Sobolev weighted spaces, analogous to 
\28\ Corollary 7.11], not even for functions u G H'^{i^,tv). For example, for any /3 > 2, let 
gG (0,(/3-2)/2) and 

uix,y) = y""?, V(x,y) G ff. 
Then, u G H^{^, to), but u (/ (^), for any a G [0, 1], since, a fortiori, u ^ (^(^^U Fq). 



6. Holder continuity for solutions to the variational inequality 

In this section, we use the penalization method and a priori estimates for solutions to the 
penalized equation derived in |15] together with Theorem 11.111 to prove local Holder continuity 
on a neighborhood of Fg in G for solutions u to the variational inequality ()1.2p (Theorem I1.16P . 
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6.1. Reduction to a finite-height domain. If height(i^) = oo, we shall need to avail of the 
second condition in (|1.36p to enable cutting off the solution and use localization to reduce to the 
case of a finite-height domain. Let ^ be an open subset. Suppose we are given an open 
subset -f <Z'^ with ^ \ 9^ C ^ and 

dist(^nar,^na^) > 0. (6.1) 

Let C G C°°(]H) be a cutoff function such that < C < 1 on M, C = 1 on 7^, C > on and 
= on (^\ ^ . By (|6.ip and construction of C, there is a positive constant, Cq, depending only 
on dist(^ n (9-r, 1^ n 9^) such that 

IICIIc2(H) < Co. (6.2) 

We obtain G F^('^, tt))_by ([62]) and the fact that ^ G tn). Because C = on \ 5^ 

and < on Fi = d& \ Fq (trace sense), then < on 9^ \ Fq (trace sense). Similarly, as 
C = on d'^ \ dG and = on dff \ Fq (trace sense), then ("ti = on \ Fq (trace sense) and 
therefore 

CnG FoH'^UFctt)) (6.3) 

by [13 Lemma A.32]. 

Lemma 6.1 (Localization of solutions to variational inequalities). |15t Claim 6.16] If u S 
Fo,tt)) is a solution to ()1.2p with obstacle function, ip G H^{ff,tx)) with ^/;+ € i^Q (^ U Fq, tn), 
and source function, f G L^(€?', id), then C,u G -ffiK'^ U Fo,tt)) is a solution to the variational 
inequality (|1.2p on ^ with obstacle function, (ip G H^{'^,m) with CV'^ G Hq{'^ U Fo,tt)), and 
source function, 

f^:=Cf + [AX]ueL\'W,tv). (6.4) 

Remark 6.2 (Reduction to the case of a finite- height domain). In order to reduce the case of 
a domain ^ H with height((^) = oo to the case of a finite-height domain ^ ^ M x (0,5), for 
some 5 > 0, we can apply Lemma l6. II to the choice 

fl on Mx (-00,5/2], ^g^. 
[O on R X [35/4, oo), ^ ' ' 

given by C{x,y) = x{y/^)^ {^tU) G M^, where x G C°°(]R) is a cutoff function with < x < 1 on 
M, x{t) = l,t< 1/2, and x{t) = 0, t > 3/4. Observe that supp[^,C]n C M x [5/2,35/4] in dO]) 
and that, because ti obeys (jl.36p . we obtain 

and thus obeys (ll.33|) . while 



(u = u on ^5/2, (6-6) 



with as in Hypothesis 11.151 



6.2. Proof of Holder continuity up to f o for solutions to the variational inequality. 
By Remark 16.21 we may assume without loss of generality for the remainder of this section that 
has finite height, 

^giRx(0,5), (6.7) 
where 5 > is as in Hypothesis 11.151 with source function (relabeled if necessary), /, obeying 
(I1.33P and obtain the desired Holder continuity for u along the subdomain via (16. 6p . 



We shall prove Theorem 11.161 using the method of penalization, following the pattern in |15j . 
by first deriving an L°° bound on a penalization term, /^^{ue — tp) in the semilinear penalized 
equation (I6.10p corresponding to the variational inequality (|1.32p . which is uniform with respect 
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to e G (0,eo], for some sufficiently small positive constant eo- We then appeal to Theorem 1 1.1 II to 
conclude that the family of functions {^ie}e6(0,eo] solving the penalized equation is -continuous 
up to Tq and hence, by passing to a subsequence and taking limits, via the convergence results in 
[15], that the same is true for a solution, u € -ffo(^ U Fq, tr), to ()1.32p . Following [151 Equations 
(3.1) & (3.2)], we denote 

ax{u,v) := a{u,v) + X{{l + y)u,v)L2(^f^^^^), \/u,v £ H'^{ff,Xv), (6.8) 
Ax:=A + X{l + y), (6.9) 

where A > and, as usual, a{u,v) is given by (|1.14p and A by (|1.4p . 

Lemma 6.3 (Uniform bound on the penalization term). Let f G L^(^, ro) H L°°{i^) and tp S 
H^{ff,tx)) n L°°{ff) obey (fOT]) . For u £ H^{ffUTo,tt)) obeying u>ipa.eonff and A > 0, and 
£ > 0, let Us G -?/q((^U ro,tu) n L°°{i?) be a solution to the penalized equation, 

ax{ue,v) + {Pe{ue - 4^) , v) L^e ,w) = (/a, ^^)l2(<?,w), G FqI^U Fq, w), (6.10) 

defined by the penalization function, 

/3,(t) := -^r, teM, (6.11) 

where t^ := — min{t,0}, antQ 

fx:=f + X{l + y)ueL\ff,w). (6.12) 

If X + r > 0, there is a positive constant Eq, depending only on X and the coefficients of the Heston 
operator, A in (jl.4p . such that 

ll/3e(^^e-V')llL-(<?) < 2ess sup(^V'-/)+, VeG(0,eo]. (6.13) 

Proof. We adapt an argument used in the proof of |50l Theorem 4.38]. Integration by parts |151 
Lemma 2.23] with ip G H^{0',tv) and v G H^{ffLlTo,Ki) yields 

ax{ip,v) = {Ax'il),v)L2i^if^^^). (6.14) 

Since Us G i?^(^U Fo,tD) and ^+ G H^{ffUTo,tv), it follows that /3e(ne - ip) e H^{ffUTo,rv) 
by the proof of \15\ Lemma A. 34]. In order to use /3e(ue — ip) to construct suitable test functions, 
we need the 

Claim 6.4 (Boundedness of the penalization term). The penalization term, (3s{us — tp), is in 

Proof of Claim Since — ip) < a.e. on ^, we have 

ax{Ue,v) = (/,t;)L2(^,re) - {Pe{u - lp),v)L^ff,m) > {f,v)L^(f?,n), 

for all V G Hq{^ U Fo,tD) with v > a.e. on ff, and so the weak maximum principle \2A\ 
Proposition 6.10 & Theorem 8.15] for ax given by (j6.8p implies that 

tie > A ess inf f a.e. on 0', 

X + r 



Not to be confused with as defined in equation (|6.4|l . 
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where x Ay := min{x, y}, Vx, y G M, and hence 

(ug — -0)" = {i^ — U£)~^ < I ess supip ~ 6SS infue 



f 1 \ 

< ess sup — A ess inf / a.e. on ff. 

\ X+r iff ) 

Since {u^ - ip)" > and f,^^^ by hypothesis, it follows that (u^ - G and 

thus I3e{ue - ip) £ L°°{^), as desired. □ 

If F{t) := ti^^, for q>2, and F'{t) = {q-l)t'^^'^, for t G R, then the proofs of (Ml Lemmas 7.5 
& 7.6 and Theorem 7.8] (see [HI Lemma A.34] and its proof) and the fact that /3e{ue-ip) G L°°((^) 
by Claim [63] show that 

v:= \(3e{us - G H'oi^uro,K>). (6.15) 

By subtracting (|6.14|) from (|6.1U|) and choosing v as in (|6.15|) . we obtain 

= (fx - Ax^P,mu, - ^P)^')L^0,ro)■ 
Since u > ip a.e. on 0' by hypothesis, the term on the right-hand side of equation (I6.16P obeys 

{fx - AxiP, - V)r~')L2(^,„) > (/ - Ai^, \f3,{ue - H'~')lH0M, (6.17) 

since fx - Ax^p = f + X{1 + y){u - Tp) - Atp > f - Aip a.e. on by ([63]) and (f6J2]l . Notice that 

{|3,{u,-^p),\(3,{us-^P)^')L^(^ff,„) = - [ - ^P)\ixv dx dy (6.18) 

and so (fOBD . (lOTD . and (l6J8]l yield 

aA(^/.-V,l/3e(^^.-V')r"')- / |/3e(^X,-V)rtt)dxd2/ 



(6.19) 

> {f-Ai;,mue-i^)r')mff,„). 

Observe that (|6.15|) gives 

and similarly for Vy. By a straightforward calculation using the expression (j6.8p for ax{u,v), we 
find that 

axiUe-lP^mUe-n"'^) 

= \ I [("e ~ + - ^)x(^i£ - 1p)y + 0-'^{Ue - 1p)l] 

^ J 

xiq- iMiue - ^PW-^/3Uus - ^)yXO dxdy 
- J / [{ue - iP\+pa{u, - i;)y\ \p,{ue - sign{x)ywdxdy (6-20) 

-\ I ai{us-ip)x\Mue-'ipW^'^ytvdxdy 



2 . . 

+ / {r + \{l + y)){u,-iP)\P£{us-ipW-^ytvdxdy. 
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We write the sum of integrals on the right-hand side of (j6.20p as Ii + I2 + I3 + I^- By the 
uniform elhpticity (jl.l6p . we find that there exists a positive constant Ci, depending only on the 
coefficients of the Heston operator, A in (jl.4p . such that 

h>{q-l)Ci [ \V{ue-tl;)\^PUue-^)We{ue-^W-^y^dxdy, 

J 

noting that ji'i,{t) > a.e. t G M. Indeed, by (j6.1ip we have 

^eit) = lht<0} < ^ a.e. t G M, 

and so the identity, 

V(3s{ue - V) = - ^)V(u, - V) = ^l{t<o}V(u, - V') a.e. on ff, (6.21) 



yields 



|V(n, - - ^) = ^|V(7x, - V)l'l{t<o} 



= e|V/3,(n, -V)pl{t<o} 

= e\S//3s{us - V')!^ a.e. on ^. 

Hence, by combining the preceding inequality and identity, we see that 

h>e{q-l)Cif \VUue-n^mue-n''~^y'^dxdy. (6.22) 
Using ()6.2ip and the fact that /3e(t)l|t<o} = Peit), we can write I2 in the form 

"(/3,(n,-V')), + P^T(/3,(7.,-V)), 



-4 



X %{ue-i^)\^''~^'^/^\Pe{ue - iP^^^ sign{x)yrv dx dy. 

Hence, there is a positive constant C2, depending only on the coefficients of the Heston operator, 
A in (jl.4p . and 7 (which in turn, by [15], can be assumed to depend only those coefficients), such 
that for any ?? > 0, 

\h\<eii[ \V(3,{u,-il;)\^mu,-i^)r^ytvdxdy + C2- [ |/3,(n, - V)|'^2/tt) dy. (6.23) 
Jff V Je 

Similarly, we obtain for /a, for any > 0, 

\h\<ev[ |V/3,(7x,-^)|2|/3,(n,-V)r"'ytt)dxdy + C3- / - ^'v^ dx dy, (6.24) 

where C3 is a positive constant depending only on the coefficients of the Heston operator, A in 
()1.4p . We can also estimate I4 by 

\h\<eCif \l3e{ue-i^)\'''mdxdy, (6.25) 

where C4 is a positive constant depending only on A, the coefficients of the Heston operator, A 
in ([13]), and the height of the domain ff. Substituting (i6:22]l . (fOHD . (fOD and dOS]) in dOO]) . 
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we obtain 

axiUe-^APeiUe-n""^) 

>-e(— + ^ + C^ [ IPsius-ijWtodxdy 
\V V J Jff 

+ e{{q - l)Ci - 2r]) [ | V/3,(u, - V)|'|/3.(n, - V)l''"'?ytt) dy. 

Choose 1] := Ci/2 and, noting that q > 2, we have {q — l)Ci — 2i] >0 and thus 

axiue - ^P,mue - > -eC [ - w dx dy , (6.26) 

Je 

where C := 2C2/C1 + 2C3/C1 + C4. But (l6J9]l gives 

/ \/3e{ue - ij)\'^K)dxdy 
Je 

< -if - Ai,, |/3,(n, - V')r-')L2(^,„) - ax{ue - V', - W^) 

<-{f-Ai^,\fi,{ue-W^)L\eM+^C I mue-n'^dxdy {hy 

Je 

and thus, 

{l-eC) [ \(3,{u,-^l^)\^xvdxdy<{A^l^-f,mu,-i;)^')L2(^^^„) 
Je 

<((^V-/)+,l/3e(^^.-V')r-')L2(^». 

Now choose Eq = 2/C and so (1 — eC) > 1/2, for any < e < Eq. By applying the Holder 
inequality on the right-hand side, we see that 

l\mue-m%^^^,^) < ii(^^-/)+iiL.(^,«)ii/3.(n.-V')iii;(V«). o<e<eo, 

and so 

^\\/3sius - V')IIl9(^,„) < \\{A^ - /) + Hi. yq > 2, 
which yields, by taking the limit as (7 —t- 00 and applying Lemma IA.61 the desired inequality 

(|6:t3]) . □ 

Solutions to (j6.10p exist (and are unique) by [El Theorem 4.18] for all e > and A > Aq, 
where Aq is a positive constant depending only on the coefficients of the Heston operator, A in 
(ll.4p (see [151 Lemma 3.2]), chosen such that ax is coercive. We can now proceed to the 

Proof of Theorem \1.16[ Fix u £ Hq{0' U Tq^Vo) as in the hypothesis of Theorem 11.161 and, with 
fx as in (|6.12p with this choice of u, set 

fx,e ■■= fx - - V') G L\i^, XX,). (6.27) 

Since f,il^G L°°(^) and u is a solution to the variational inequality ()1.32p . then u also solves 
ax{u,v — u) > {fx,v — u)2,2(^n,) and u > ip a.e. on ff, 
\/v e H^{ffU To, ro) with v>^p a.e. on c7. 
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We may assume that A + r > 0, without loss of generahty, and so the weak maximum principle 
for ax in \2'i\ Proposition 7.9 & Theorem 8.15] implies that 

< j^\\f\\L°°{(^) V (6.28) 

where xVy:= max{x, y}, for all x, y G M. But 

||/a,.||l^{^) < V0ll/^(^,tt))||/A,e||Loo(^), Ve > 0, 

where we take s > 2n V (n + /3) and the bound (I6.13P for (^^{u^ — and the uniform bound 
([OH]) for u on imply that 

\\fx,s\\L^i(?) < ||/||L-{^) + A(l + height(^))||u||i^(^)+2esssup(^'(A-/)+, Ve G (0,eo], 

where eo > is as in Lemma 16.31 Hence, fx^^ in (|6.27p obeys the hypotheses of Corollary 11.121 
and so, by application to the solution Ue G //q U Fq, to) to (I6.10p . that is 

ax(.Ue,v) = {f\e,v)L-i{ff,K,), G i^g U Fq, tt)) , 

we see that G Cf^{^Si)-, for all e G (0,eo]) with 5i depending only on the height of the 
domain ff, and Holder exponent ai G (0, 1) and Holder norm Ci > with the dependencies 
stated in Corollary I1.12|, but independent of e G (0,eo]. Therefore, Corollary 11.121 implies that 

K},>oCCr(^5j and 

\W\\c'^^(g^^) < Ci, Ve G (0,eo]- 

By the Arzela-Ascoli Theorem, we can find a subsequence which converges uniformly on compact 
subsets of t^Si to a function uq G Cf^{d's^). But [151 Theorem 6.2] and the choice (|6.12p of 
fx = f + A(l + y)u imply that ^ u strongly in L'^{^, tv) (in fact, -?/q(i^U Fq, ro)) as e J, and 
thus, after passing to a subsequence, Us ^ u pointwise a.e. on as e | 0. Therefore, by choosing 
a diagonal subsequence, we obtain u = uq a.e. on find the result follows. □ 



7. Harnack inequality 

In this section, we proye Theorem I1.18| that is, the Harnack inequality for solutions u G 
HQ{ff U Fo,lt)) to the yariational equation (|1.18p . The key differences from the proof of the 
classical Harnack inequality for weak solutions to non-degenerate elliptic equations |28| Theorem 
8.20] are essentially those which we already outlined in ^and the proof follows the same pattern 
as that of Theorem 11.111 Therefore, we only point out the major steps in the proof of Theorem 
I1.18| as the details were explained in the preceding sections. We now proceed to the 

Proof of Theorem \1.18\ For clarity, we split the proof into principal steps. 

Step 1 (Energy estimates). Let i] G Cq(EI) be a non-negative cutoff function with support in 
Biuizo). Let e > and 

w = u + e. (7.1) 

We consider a G M, a / — 1. We set H{w) = and 

V = jfu)"". (7.2) 

Then, v G HI{&{JTq,Xo) is a valid test function in (I1.14p by Lemma lA.51 By applying the same 
arguments as in the proofs of Theorem 11.71 and Theorem II. IH we obtain the following analogous 
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energy estimate to (j4.8|) and (|5.12p . respectively 

i/p 



J \'nH{w)\Py^-^ dxdy 



< iC\l + a\)'/P\\^Vv\\%^, / \Hiw)\'y^-'dxdy 



i/p (7.3) 

I / I f7/'.„M2,,/3-l 1 

L°°(H) 

\JSUpp ri ) 

where C is independent of e, and depends only on the coefficients of the Heston operator, n and 
R. 

Step 2 (Moser iteration). By applying Moser iteration as described in the proofs of Theorem 
II. 7| for a > 0, and of Theorem I Lll) for a < 0, we obtain 

1/2 



inf w>C-^\ ,„ / . , / w-'^y^-^ dx dy 



Br{zo) ~ \\B2r{zq)\p-1 J B2r{zo) 

where C satisfies the same dependencies as the constant in (jT.Sp . 

Step 3 (Application of Theorem 13. 4p . In this step, we verify that w satisfies the requirements 
of the abstract John-Nirenberg inequality (Theorem 13. ip with 9q = 6i = 2 and Sr = '^(2+r)R{zo)-, 
for all < r < 1. From the hypotheses, we have that < AR < dist(2;o, Fi), and so Sr = 
B(2+r)RX-2o) = B(^2+r)R{zo), for all < r < 1, by (|2.3p and ()1.20p . By Proposition 13.21 we see that 
w satisfies condition (j3.2p of Theorem 13.11 Therefore, it remains to verify condition (j3.3p . which 
follows in precisely the same way as in the proof of Theorem 11.111 

Step 4 (Proof of ()1.37p ). Because w satisfies the conditions of Theorem 13.11 bv the preceding 
step, there is a positive constant C, independent of e, such that 

\ 1/2 

y^2^/3-l 

^ ^ -1/2 (7-5) 



1 



\\B2r{zo)\i3_1 Jb2r{zo) 

^ ^ i |o /m / dx dy 

\\B2r[Zo)\i3-1 JB^nizo) ) 

Thus, combining inequalities ()7.4p and (|7.5p and recalling that t/; = n + e, we obtain 

sup (n + e) < C inf (u + e), 

Bfl(2o) -6^(20) 

for all e > 0. Taking the limit as e ^ 0, we obtain the desired Harnack inequality (|1.37p . 

This completes the proof. □ 

Remark 7.1 (Holder continuity and the Harnack inequality). We notice that the Holder con- 
tinuity of solutions, Theorem II. IH does not follow from our Harnack inequality, Theorem 11.18^ 
because in the latter theorem we assume that / = on Bj^{zq), while in Theorem 1 1 . 1 1 1 we allow 
for more general source functions, /. Moreover, our version of the Harnack inequality holds for 
points in Fq, and cannot be extended to points in ro\Fo. In order to obtain Theorem II. IH 
we need to use a version of the weak Harnack inequality ([281 Theorem 8.18]), which is already 
embedded in our proof of Theorem 11.111 in estimate (j5.32p . 
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Appendix A. Auxiliary results 

In this section we collect the technical justifications of a few assertions employed in the body 
of the article. 



A.l. A domain G which does not satisfy condition (j4.ip . Next, we give an example of a 
domain G which does not satisfy condition (14. 



Example A.l. This construction is in the spirit of [33|, Example 4.2.17] (Lebesgue's thorn). Let 
= (0, 0), Rn = 1/N and aN = A^'^/^. We set 



and define G by 



Cn = {{x,y) G Mrj^{zq) :0<y< a^x} , 
C'n = {{^^y) e ^Rn+A^o) : < y < aNx} , 

oo 

^ = U C'7V\C^. 
N=l 



From Lemma [231 there exist positive constants ci < C2, independent of R and N, such that 



which give us 



\Cn\Cn\i3-1 < 



^ dy dx 



/3(/3 + l) 



R 



.2(l+/3) 
N 



p2(l+/3)\ 



C „2{l+/3) 



< 



c 



Recah Br^{zo) = G r\ \ 



A2 

r(zo). Then, we obtain 



(^o)|/3- 



(by Lemma 12.41 ) 



oo oo ^ 

|-BiJjv(^o)|/3-l = |Cfc\Cfc|/3_i < C|IBi?j^(zo) 1/3-1 ^ 



A:=Ar 



which implies 



/3-1 



,0, as A — )• oo, 

'(^0)|/3-l 

and so, we obtain a contradiction with the left hand side of ()4.ip . 

A. 2. An extension lemma. First, we give the proof of Lemma 12.71 As in 
the assumptions stated in Remark 12.81 



we work under 



Proof of Lemma \2. 7| By [151 Corollary A. 14], it is enough to prove the existence of an ex- 
tension operator for functions u G C^{Mji{zq)). Fix a point z'q = (2;q,?/q) G Mji{zq), say 
z'q = (i?2/100, i?2/100) . We consider two different cases depending on whether < y < y'o 
or y > y'^. 
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First, we consider the points z = {x^y) G L'\B/j(2;o) such that < y < v'q- Let z' = {x',y) 
be the intersection of OMjiIzq) with the horizontal segment connecting z and (xq,?/). Then, we 
define Eu{z) by reflection (with respect to the point z' in the hyperplane at level y) 



Eu{z) := u (x'q + ^(x - x'o), y] . 

\ \x — XqI^ / 



Next, we consider the case of points z = {x^y) G D\^ii{zq) such that y > y^. Let z' = {x',y') 
be the intersection of 3B/}(zo) with the segment connecting z and z'q. Then, we define Eu{z) by 
reflection 



Eu{z) ■.= u[z'q + ^ ^(z - z'^) 



It is clear that Eu is a continuous extension of u from Mii{zq) to D. Because dMf({zQ) is a 
piecewise smooth curve, -En has well-defined weak derivatives in D. Next, we show that (j2.10p 
holds. For this purpose, we denote by 

Di := {D\Mn{zo)) n{y< y'^}, 
D2 := {D\MR{zo))n{y>y'o}. 

To prove (j2.I0p . it is enough to show there is a positive constant C, depending on R and D, 
such that 

\u{x,y)\^y'^~'^ dx dy, 



1(20) 



(A.l) 



[ \Eu{x,y)\'^y^^^ dxdy <C [ 
Jdi Jmr{ 

/ \VEu{x,y)\^y'^ dxdy < C \Vu{x,y)\^y'^ dx dy, 

/ \Eu{x,y)\^y^-^ dxdy <C I \u{x,y)\'^y^~'^ dx dy, 
Jd2 J^r{zo) 

/ \VEu{x,y)\^y'^ dxdy < C \Vu{x,y)\^y'^ dx dy, 

Jd2 JKr{zq) 

We begin by evaluating the integrals over Di in (lA.ip and we show that 

\Eu{x,y)\^y^~^ dxdy <C / \u{x,y)\^y^-^ dx dy, 

' \\7Eu{x,y)\'^y'^ dxdy < C \Vu{x,y)\'^yf^ dx dy, 

D+ Jmr(zo) 

where Df := Di H {x > 0}. The analogous relation to ()A.2p can be shown to hold on : = 
Di D {x < 0}, in a similar way. 
Denote by 

fix, y) = x'o + 1^ - x'o). (A.3) 

I "^0 1 

We notice that [f{x,y),y) G ]B/j(zo), for all {x,y) G Di, so Eu{x,y) is well-defined on Di. The 
coordinate x' = x'{y) is determined by the condition d{{y,x'), zq) = R. Direct calculations give 
us 

1/2 



(A.2) 
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We obtain, for all {x,y) G Di, 

fx{x,y) 



x' {y) 

We can find a positive constant Ci, depending only on R, such that 

X — Xq > x' — Xq > Ci, \/{x,y) G Df, 
and there is a positive constant C2, depending on R and D, such that 

\Ux,y)\,\Ux,y)\-\\fyix,y)\<C2. (A.4) 
Using the change of variable w = f{x, y) in ()A.2p . we obtain 



\Eu{x,y)\'^y^ ^dxdy< / \u{w,y)\'^y^ ^\fx{x,y)\ ^dwdy 



<C2 [ \u{x,y)\^y^-Uxdy, {hy 

JMr{zo) 



(A.5) 



Using 

dxEu{x,y) = Ux{f{x,y),y)f^{x,y), 

dyEu{x,y) = u^{f{x,y),y)fy{x,y) + Uy{f{x,y),y), 

the change of variable w = f{x,y) and the upper bound ()A.4p . we obtain for a positive constant 
C3, depending on R and D, 

\VEu{x,y)\^y^dxdy<C [ \Vu{w,y)\\\Ux,y)\^ + \fy{x,y)\^)\Ux,y)\-^y^dwdy, 



and thus 



\VEu{x,y)\^yl^ dxdy <Cs I \Vu{x,y)\^yl^ dx dy. (A.6) 

JMr(zo) 

Therefore, (fXSj) and (|X6]) give us ^K^. 

Next, we consider the last two integrals in (jA.ip . Notice that on D2 we have y > y'o > and 
so it is enough to show 

/ \\7Eu{x,y)\'^ dx dy < C4 / \Vu{x,y)\'^ dx dy, 
for some positive constant C4, depending on R and D. For all (x, y) G D2, we denote 



V{x,y) = {ip^{x,y),ip^{x,y)) := z'q + 



J 12 
2ol 



\z — Z'^ 

Hence, we can find a positive constant C5, depending on R and D, such that for all (x, y) G 

det|V<^(x,y)ri <C5, 
|V<^(x,2/)| <C5. 
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We notice that ip{x,y) £ ]B^(zo), for all {x,y) G D2. Therefore, using the change of variable 
w = if{x,y), we obtain 



Using 



we obtain 



\Eu{x,y)\'^ dx dy < / \u{w)\'^ det\\/ (p{x , y)\ ^dw 
<C5 I \u{x,y)\Uxdy (by 



dxEu{x,y) = Ux{x,y)ipl{x,y) + Uy{x,y)ipl{x,y), 
dyEu{x,y) = Ux{x,y)ipl{x,y) + Uy{x,y)ipl{x,y), 



(A.9) 



\\/Eu{x,y)\^ dxdy < C / \Vu{w)\^\Vip{x,y)\^det\Vip{x,y)\-'^ dx dy 

D2 Jmr{zo) 



<CC^( \Vu{x,y)\''dxdy, (by (USD-) 



(A.IO) 



From ()A.9P and (lA.lOp . we obtain (|A.7p . This concludes the proof of Lemma 12.71 □ 

A. 3. Test functions. In this subsection, we verify that the test functions used in the proofs of 
our main results are indeed in the space Hq{0' U Tq,vo). We start with the test function (j4.1ip 
used in the proof of Theorem 11.71 

Lemma A. 2. The function v given by ()4.1ip is in Hq^i^U ro,lt)). 

Proof. We only show that v £ Hq{& U Fq, Id) defined by (j4.1ip with w = + A. The proof for 
the choice w = u~ + A follows similarly. We fix /c S N and we consider the definitions of -ff^ and 
Gk given by (|4.9p and (|4.10p . respectively. 

Since u £ i?o (^ U Fq, tt)), we have u+ G H^{ffuro,to) by [El Lemma A.34]. Let {nJjeM be 
a sequence of functions in Cq(i^U Fq) converging to u'^ in H^{if,m). We extract a subsequence, 
for which we use the same notation as for the original sequence, such that 

tij — )• ti^, a.e. on ff. [A.ll) 

Let Wi := Ui + A and Vi := -qGkiwi), where r] has support in M2r{zo) as in the proof of Theorem 
11.71 Our goal is to show that Vi £ Hq^^UTq, w) converge to v in H^{ffU Fq, w), from where the 
assertion of the lemma follows. 

We notice that each Vi £ C(^). Because itj = along Fi by construction, we have 

Wi = A, along Fi, (A. 12) 

and so, we also have by (|4.9p and (j4.10p . 

Vi = 0, along Fi. 
Since r] has support in M2r{zq), it follows that 

t;, G Co(^uro). (A.13) 

Using 

\H'^{t)\<ak^~\ (A.14) 
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we obtain 



\vi -v\< 



\HUt)\dt 



< ak" ^Iwj — w\ 



ak°' ^\ui — 



Since the last term converges to zero in U Fq, tt)), it follows that 

Vi ^ V, as I ^ oo, m L^{ffUTo,rv). (A.15) 
By direct calculation, we have 

Vvi = 2r]V7]Gk{wi) + 7]'^\Hl{w,)\'^Vui, 
Vv = 2r]V7]Gk{w) + 7f\Hl{w)\^Vu+. 
By (|AJ2]) . (lATTij) and using G Co(^ U To), we obtain 

Vt;, GCo(^uro). (A.16) 

We have 

\Vvi - Vv\ < 2r]\Vr]\\G'k{w^) - G',{w)\ + " H',{wf\\Vu+\ + \Vu, - Vu+\\H',{wi)\^ . 

Using ()A.14p . there is a positive constant depending on k, a and rj, such that 

\Vvi - Vv\ < C\ui - u+\ + \Hl{wif - Hl{wf\\Vu+\. (A.17) 

By (|A.lip and the boundedness of i?^ in (|A.14p . we notice that 

\H'^{wif - H',^{wf\\Vu+\ < |aA:"-Y|Vn+| 

\H'j^{wi)'^ — H'f^{w)'^\\\7u'^\ ^ 0, as i —f- oo a.e., 

and so, using the Dominated Convergence theorem, we have 

iHiiwi)"^ - Hl{w)'^\\Vu'^\ ^ 0, asi-^oo, in ^^(^ U Tq, ytr). 

Then, we obtain by (jXTT]) 

\Vvi — Vv\ —?■ 0, as z — ^ oo, in L^(^ U Fq, ytr). 

Combining the preceding inequality with (jA.lSp . ()A.15P and ()A.16p . we obtain the assertion of 
the lemma. □ 

Next, we verify that the test functions employed in the proofs of Theorems 11.111 and 11.181 
belong to the space U Fq, tn). For this purpose, since u £ //q (i^ U Fq, to), we let {tijjjgN be 

a sequence of functions in Cq((^ U Fq) converging to u in H^{ff, to). We extract a subsequence, 
for which we keep the same notation as for the original sequence, such that 

Ui — n, a.e. on ff. (A. 18) 

We will use this construction in the following results of this subsection. 

Lemma A. 3. The function v given by (jS.lOp is in Hq{0'U Tq,Vo), for any a G M. 

Proof. We outline the proof for the choice w = u — mm + k{R) in ()5.7p in the definition of v in 
()5.10p . The conclusion of the lemma for the choice w = M4fi — u + k{R) in (jS.lOp follows similarly. 
Let 

:= {z E B4r{zo) ■■ -k/2 + m^n. <Ui< M^r + k/2} , 
and let be the complement of ili in i?4_R(zo)- By setting 

Ui := {ui A {-k/2 + m4R)) V {M4R + k/2), Vi E N, 
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we obtain 



\ui — u\'^to dx dy > / \ui — u\'^tv dx dy 



>{k/2f\nT 



Since the left hand side in the preceding inequahty converges to zero, we obtain that 



We let 

Then, Wi satisfies on B^ji^zq) 
Now, we define 



|ili|n,-^0, as i ^ 00. (A. 19) 
Wi := Ui - m^R + k 

k/2 <Wi < M4ji-m4ji + 3k/2. (A. 20) 

Vi := rfwi, \/i G N, 

where q G M and r/ is a smooth, non-negative cutoff function with support in B4r{zq). By ()5.ip 
and ()A.20p . we notice that Vi are well-defined functions and 

VieCoi^UTo), ViGN. 

By (jA.lSP and ()A.19p . we obtain that Vi converges a.e. to v, and by ()A.20p . the sequence {fjjjgN 
is uniformly bounded. Thus, by the Dominated Convergence theorem we obtain that the sequence 
{fijigN converges to v in L^((^, to). 
Next, we have 

Vvi := 2riVrjwf + ar]w°'~^\/ui, 
Vv := 2riVr]w"' + arjw°'~^\/u. 

Since the support of rj is included in -64^(^0), the same holds for Vvi, for all z G N. We can 
evaluate Vvi — Vv in the following way. There exists a positive constant C, depending only on rj 
and a, such that on B4ji{zq) 

iVvi - Vv\ < Clwf - w^l + Clw'r'-^Vui - w^-^Vul 

(A 21) 

<C\w^ -w'^\+C\wf-^\\Vui-Vu\+C\wf~'^ -w'^-^WVul. 

Recall that {wijieN converges a.e. to w on B4ji{zo). By (IA.20p . for any t G M, the sequence 
{""^iligN uniformly bounded, and so we have by the Dominated Convergence theorem, that 
\wf — and \w°'~^ — t(;"~-^||V?x| converges to zero in L^(i?4R(zo), 2/rti). Moreover, by (|A.20p . 
there is a positive constant C, such that on B4ji(zQ) 

\w^~^\\Vui - Vu\ < C\Vui - Vu\. 

Notice that 

Vui — Vul'^ym dx dy = / \Vui — Vu\^ym dx dy + / \Vu\^ytodxdy 

B4ji{zo) Jfti J B4ii{zo)ni 

< / \Vui — Vul'^yxo dx dy + / xn^l^'^l'^U^ dx dy. 

J B4r{zo) J B4a{zo) 

The first term in the preceding inequality converges to zero, because {ujjigN converges to u in 
H^{ff, tn), and the second term converges to zero as well, by ()A.19p and because 
Therefore, we conclude by (IA.2ip that Vvi converges to Vv in L^(i?4/j(zo), yto), and so the 
conclusion of the lemma follows. □ 
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Lemma A. 4. The function given by (|5.58p is in i?oH^uro,tu), for all a < 0. 
Proof. We recall the definition of the test functions v'^ given by (I5.58p . For a < 0, we let 



± 



where r/ is a smooth function with support in B4^(zo) and w is defined by 
w^{z) := k + 



+m5j, z e M4r{zo)\B4r{zo), 

and := ess supB^^(^^) by (15.55p . and u G i/g U Tq, w). Because u e Hq{0' U To,tv), 
it follows that n+ and u~ are in Hq{0' U Fq, tr) by |15t Lemma A. 33] and, by definition, ti+ and 
u~ are non- negative. The functions and ty"*" depend only on u"'', while u~ and w~ depend 
only on u~ . If we show that v'^ and v~ belong to Hq^^VJ Fq, Id), then it will follow immediately 
that V = — v~ belongs to Hq{& U Fo,tt)). Since the proofs for u+ and v~ will be identical, it 
suffices to consider alone and, furthermore, since v"*", , and are defined in terms of it"*", 
we may drop the + superscript to simplify notation and assume without loss of generality that 
n > a.e. on ^ and u G -ffo(^ U Fq, tti) and write v, w, and M,. instead of v~^, w^, and for 
the remainder of the proof. From Theorem 11.71 we know that u is bounded on B4r{zq) and we 
have by ([1:22]) 

< n < M4R, a.e. on -64^(^0), 

which implies 

k <w <k + M4R, a.e. on B4r{zo). (A. 22) 

Recall that we may assume without loss of generality that M4R 7^ and /c 7^ 0, by ()5.57p and 
()5.9p . respectively. Notice that if -M4/J = 0, then u = on B4^r{zq) and also u = on ^, so the 
conclusion of the lemma holds trivially. Let {uj : i € N} C C^(^U Fq) be a sequence of smooth 
functions with compact support in ^UFq converging to u in H^[0',)xi). By the boundedness of 
u, and positivity of k and M^r, we may assume without loss of generality that 

- M4R/2 <ui< M4R + k/2, Mi £ N, (A.23) 

and that we have the a.e. convergence on 0' 

Ui ^ u, as i — )• 00. (A. 24) 

Let 

^^,^1 -..(.) + M4«, zeM4Rizo)nBM^o), 

[+M4R, z£M4Rizo)\B4Rizo), 

and set 

Vi := 7?2 (^^" _ (A; + m^rT) , Vi G N. 

Note that by the definition of the functions Wi and ()A.23p . we have 

k + 3M4R/2 > Wi > k/2, Mi G N, (A.25) 

so that Vi is a well-defined function, for all a < and i G N. Also, Vi G C°°(i^), Vi = along Fi, 
and so Vi G C^{ffU Fq), since the support of t] is contained in M4r{zq). We want to prove that 
Vi converges to v in {iff, to) and hence that v G Hq^^U Fo,tt)). Notice that the definitions of 
the sequences {vjjieN and {wjjjgN are motivated by the definition (15.58P of v and (15.56P of w, 
respectively. 



(A-29) 
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By ()A.24p and the positivity of w and {t(;j}jgN> we also have that, as i — >• oo, 

Vi V, a.e. on B4r{zo), (A.26) 

wj w\ a.e. on B4^r{zo), Vt G M, (A.27) 

where t denotes any real power in this case. In addition, by (|A.25p and (|A.22p we can find a 
positive constant A'^i, depending on a, such that 

\\vi\\L^^ff) < Ni, ViGN, 
and, for any t G M, we can find positive constants A''2, depending on t, such that 

\\w*\\l°-{B4r{zo)) < ^2 
\l°°{B4r(zo)) ^ ^2 

Therefore, using the Dominated Convergence theorem, (|A.26P and (|A.28p . we obtain 

Vi — )• f , in L2(^,tt)). (A.30) 

It remains to establish that 

Vvi^Vv, in L^((^,ytt)), as i oo. (A.31) 

By a direct calculation, we have 

Vv = 2r]Vr] (w" - (fc + MmT) + a??^u;"-^Vu, (A.32) 

Vvi = 27]Vr] {wf -{k + M^rY) + ary^^" Vu^, Vi G N. (A.33) 

We denote by V"^ and V"^ the two terms appearing on the right-hand side of (|A.32p . Analogously, 
we denote by and V^, i G N, the two terms on the right-hand side in (|A.33p . Next, we show 
that V^^ converges in L'^{ff,yw) to V^, for k = 1,2, which implies ()A.3ip . By choosing t = a in 
()A.27p and ()A.29p . we obtain using the Dominated Convergence theorem that Vj^ converges to 
in L^{ff,yrv). Next, we have 

\V-^ - F^l < lajry^K^^ - u;""^||Vn| + \a\ri'^\wi\''~^\Vui - Vu\, 

and, using ()A.29P with t = a — 1, for the second term on the right-hand side, we have 

\V^ - V^\ < \a\ri'^\wf-^ - «;°-^||Vn| + \a\N2\Vui - Vn|, Vi G N. 

Obviously, the second term in the preceding inequality converges to zero in L^(^, yro). The first 
term \'w"~^ — w'^'^lVu converges to zero a.e., by (TOrp . and by (1X29]) . it satisfies the upper 
bound 

V^\wf-^ - w"-'^\\Vu\ < 2N2\Vu\, yi G N. 

Since Vu G L'^{ff,yn), we may apply the Dominated Convergence theorem to conclude that 

r]'^\w^-^ - w^'-^WVul ^ in L2(^,ytt)). 

Therefore, we obtain that V-^ converges in L'^{0',yxv) to F^, and so, ()A.3ip follows. Combining 
(IA.30p and (IA.3ip . we obtain that {?;j}jgN is a sequence of functions in i/g (^U Fq, yti)) converges 
to V, and so, f G i?o(^uro,tt)). □ 

Next, we show that the test function used in the proof of the Harnack inequality. Theorem 
fTTHl is indeed in Hl{ff U Tq, Id). 

Lemma A. 5. The function v given by (j7.2p is in Hq{0' U Fq, tv). 
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Proof. The proof of the lemma fohows similarly to the proof of Lemma IA.3I Because of this, we 
only outline the main steps of the proof. Let 

:= {z G B^nizo) : -e/2 < Ui < M^r + e/2} , Vi e N. 

and 

Ui := {ui A (-e/2)) V {M^r + e/2), Vi G N. 

We let 

Wi := Ui + e, Vi G N. 

Then, Wi satisfies on B^r^zq) 

e/2 <Wi< M4R + 3e/2, Vi G N. 

Now, we define 

Vi := rfw°/, \/i G N, 

where is a smooth, non-negative cutoff function with support in BiR{zQ). Similarly to the proof 
of Lemma [A. 31 it follows that Vi G ffo(^U ro,tti), for all i G N, and {fjjjgpj converges to v in 
H^{0', to), and thus the conclusion of the lemma follows. □ 

A. 4. Weighted Sobolev norms and uniform bounds. We have the following analogue of [U 
Theorem 2.8], [28, Exercise 7.1]. 

Lemma A. 6 (Weighted Sobolev norms and uniform bounds). For 1 < p < 00 and u a measurable 
function on G such that \u\p G L^{^, tn) for some p G M, define 

Then 

lim ^p{u) = ess sup|u|, (A. 34) 

lim <I>.„(n) = ess inf lul. (A. 35) 

Proof. For 1 < p < q < 00, 

\u\^K)dxdy<lj \u\'^mdxdyj I J Itodxdy 







and thus 

while for q = oo, 

and thus 
Hence, 



^p(n) < $q(n), 
\u^Xodxdy< TesssuplnA / \Xodxdy, 



^p('u) < ess sup \u\ 



lim $p(tt) < ess sup \u\. 



On the other hand, for any e > 0, there is a set B C of positive measure \B\ = J^ltv dx dy 
such that 

\u{x)\ > ess sup \u\ — e, x £ B. 
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Hence, 

If If \B\ f 

-r-^ / \uF tv dx dy > / ItiP tt) (iw > -— ess sup Inl — e 

1^1 ' 1^1 V ^ 



If f\B\V^^ 
■j— 7 / \u\^ tt) dxdy \ > — — - ( ess sup \u\ — e 



so 



It follows that $p(m) > (|S|/|^|)i/P(ess sup^ \ u\ — e), and thus 

lim ^p{u) > ess sup \u\. 

For the second assertion, we may assume without loss of generality that ess inf^ |n| > and so 
ess sup^ l^^l""^ = (ess inf^ |^|)^^- For \ < -p < q < oo, 

J \u\~^tvdxdy< I J \u\^'' rvdxdyj I J iKfdxdyj , 

so 

\u\~^ rv dx dy^ ~ (y l^l"^^^^*^^ 

and thus 

while for q = —oo, 



/ \u\ ^ tt) (ix < I ess sup |ii| / Ixodxdy, 



and thus 



= \u\ ^vodxdy^ > ^esssup|ti| = ess^inf 



Hence, 



lim <^_r,(n) > ess inf lul. 



On the other hand, for any e > 0, there is a set B d & oi positive measure such that 

\u{x)\ < ess inf lul + e, x £ B. 

Hence, 

1 f _ 1 /■ _ \B\ f ^ 

7--7 / lul ^ tt) (ix > -— / Inl ^ tt) dx (iw > -— ess inf lul + e 

1^1 7^' ' mjB ^- 1^1 V ^ ' ' 

It follows that ^-piu) < (|S|/|^|)-Vp(ess inf^' \u\ + e), and thus 

lim <I>_p(n) < ess inf |n|. 

p—^oo (ji 

This completes the proof. □ 
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